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0. Abstract 
 This project involved two different approaches to studying the He-MgO(100) interaction. First, 





 interactions. We use the standard Lennard-Jones (p,6) potential energy interaction along 
with information obtained from polarizabilities and the Slater-Kirkwood approximation to calculate these 
interaction energies. We then calculate the energies for each of the electronic bound states for the 
interaction. By comparison to experimental data, we determined that the p= 9 potential provided the most 
accurate representation of the potential energy interaction. However, this same model predicts lateral 
corrugation values which differ extensively from those calculated previously using both experimental 
techniques like Bragg diffraction and theoretical techniques like density functional theory. Because of 
these inconsistencies, we develop a method for calculating the band structures of the He-MgO(100) 
system. This model involves using the previously determined Lennard-Jones (p,6) potential to model the 
potential energy interactions; however, it also takes into account the lateral kinetic energy contributions to 
the system. These additional energy contributions allow for additional information to be compared to the 
experimentally determined values.  
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1. Introduction: 
1.1: Motivation: Surface Chemistry and Catalysis: 
 One of the most used, but least understood, reaction sites utilized in chemical reactions are the 
reactions which occur at crystal surfaces. The interactions and properties of surfaces have been attracting 
considerable attention for a number of years; in fact, a subset of chemistry which focuses solely on 
surface interactions has emerged in recent years. Atoms located at the surfaces of crystals often have 
special properties, such as increased reactivity. In addition, surfaces are hard to theoretically model 
because, at surfaces, the periodicity of the system stops. However, since surfaces are the location of many 
different reactions, their structure, physical properties, and chemical reactivity play an important role in 
understanding many different chemical phenomena.  
 For chemical reactions to proceed from the reactants to the products, it is necessary for the system 
to overcome the activation barrier. This barrier is the amount of energy that must be added to the system 
in order for the structures of the atoms in the reactants to recombine into the structures of the products. 
For some reactions, this activation barrier is quite small and easily overcome. However, for other 
reactions, to overcome this barrier, large quantities of energy must be added to the system in order for the 
reaction to proceed. Catalysts are substances which can be added to reactions which lower the activation 
energy; this leads to significantly lower energy costs. In particular, catalysis is central to the chemical 
manufacturing process; almost ninety percent of all chemical processes involve a catalytic material.
1
 
Catalytic processes not only reduce the cost of industrial manufacturing, but they also serve an important 
role in designing environmentally green reactions, reducing energy consumption, and eliminating waste 
by-products
1
. While catalysts are used in a variety of different environments in different phases, 
heterogeneous catalysis is the type of catalysis most commonly used. In heterogeneous catalysts, solid 
materials are used as the catalysts while the reactants and products are in a liquid or gas state. The most 
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common heterogeneous catalysts are metals, metal oxides, metal sulfides, or zeolites that are organized 
into crystalline structures.  
 While catalysts are present in many different reactions and processes, the actual mechanism that 
catalysts use to lower the activation energy is not well understood. The process of choosing an effective 
catalyst often involves a significant amount of experimental trial and error. Studies of a process known as 
adsorption, in which a gas molecule interacts with a solid surface, provide an increased understanding of 
gas-solid interactions as well as allow for many generalizations concerning catalytic processes to be 
made. It is hoped that through extended experimental and theoretical studies on adsorption of molecules 
to solid surfaces, a better understanding of catalytic activity, adsorption, and the properties of effective 





1.2.1: Process and Uses of Adsorption: 
 Adsorption is the process in which small atoms or molecules, called adsorbates, interact with the 
atoms in solid, known as the substrate. These interactions can range from extremely weak bonds which 
cause very little change in the structure and reactivity of the adsorbates to strong interactions that can 
almost be classified as chemical bonds in which the reactivity and physical properties of the adsorbate 
changes significantly
4,5,6,7
. The weaker of these interactions is known as physisorption while the strong 
bond is classified as chemisorption. Adsorption is a commonly studied process for a variety of reasons. 
First, when heterogeneous catalysts are used in a reaction, the reaction mechanism generally involves the 
adsorption of the gas molecules onto the catalytic surface
8
. In addition, adsorption can also be used to 
investigate many of the properties of solid surfaces; while a variety of methods have been developed to 
study the surface of a material including ionization techniques, electron spectroscopy, low-energy 
Johnson 7 
College Scholars Thesis: Dynamics of He adsorbates on MgO(100) surfaces 
 
diffraction, and surface-extended X-ray adsorption fine structure spectroscopy, most of these methods 
involve bombarding the surface of a material with a variety of particles and studying the reflection and 
refraction of the scattering which results
1,3
. However, unlike many of the other techniques mentioned 
above, adsorption does not involve the bombardment of the surface with fast moving rays of particles. 





1.2.2: Physisorption and Chemisorption: 
Physisorption is a weaker interaction between adsorbates, or the gas molecule, and the substrate; 
in physisorption, the interaction is dominated by van der Waals forces
1,2,3,4
. These energies generally only 
range between 50-500meV/atom
9
. This interaction is characterized by the lack of a true chemical bond 
between the adsorbate and the substrate. These weaker, van der Waals forces are a result of fluctuations 
which occur in the electron clouds surrounding the nuclei of the atoms in the system. These random 
fluctuations will result in a temporary unequal charge distribution causing a dipole moment. These van 
der Waals forces, also known as dispersion forces, form the root of the commonly experienced long-range 
attractive forces. Physisorption can often be thought of as the slight condensation of a vapor to form a 
liquid at the surface of the solid. This view was perpetuated since the heats of physisorption are often of 
the same order of magnitude as the heats of liquefactions
10,8
. Also, physisorption is a more common 
interaction than chemisorption. Most gas-solid systems will undergo physisorption at some temperature 
and pressure. When looking at many gas, or adsorbate, molecules, if held at a high enough pressure, 
multiple layers of the gas will adsorb on the surface of the substrate.  
Chemisorption, on the other hand, is a stronger interaction in which a chemical bond almost 
forms between the adsorbate and the substrate. In fact, this interaction generally involves the sharing of 
electrons between the adsorbate and the substrate to some degree and, consequently, the interaction 
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energies generally range from 1-10eV/atom instead
6
. Chemisorption is a much more selective process; 
this reaction will only occur if the gas adsorbate is capable of forming a bond with the substrate. Because 
the heat of chemisorption is generally so much higher, it usually requires the addition of a substantial 
amount of energy into the system in order to force desorption of the adsorbate atom or molecules from the 
substrate. Because of the electron sharing which occurs in chemisorption, multiple layers of adsorbate 




1.2.3: Past theoretical models for adsorption 
 When adsorption was first studied experimentally, there were no theoretical models that could 
accurately incorporate all of the combining forces and interactions that occurred. In fact, these earlier 
theoretical models were based on highly idealized models of solids. More often than not, these models 
involved localized adsorption in which a location on the solid was claimed to be the adsorption site 
because of a defined minimum in the gas-solid potential function
11
. The first mathematical expression 
used to model adsorption was published by Langmuir in 1917 and is known as the Langmuir adsorption 
isotherm. This equation is a highly simplified model for adsorption which assumes only single layer 
adsorption with no interactions between different adsorbate molecules
2,5,8
. The Langmuir adsorption 
equation, however, started the trend for more and more advanced models for the adsorption of gas 
molecules on solid surfaces.  
 
1.3: Crystal Structures 
 Crystals are solids which have a regular arrangement of atoms in all three directions. Since the 
atoms in a crystal form a pattern, a repeating unit called the unit cell can be defined. The unit cell is the 
smallest repeating unit in a crystal which still shows the full symmetry for the crystal structure. A variety 
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of different types of crystal structures exist and are usually defined based on the symmetry of the of the 
unit cell. In generally, these arrangements of unit cells lead to a few broad classes of crystals. A cubic unit 
cell is one in which the unit cell’s length (a), width (b), and height (c) are all equal distances and the three 
angles are equal to 90 degrees. A tetragonal unit cell, on the other hand, is similar to the cubic cell but one 
of the sides (c) is longer than the other two. A trigonal unit cell has all three lengths equal (a=b=c), but all 
of the angles are now 60 degrees. The orthorhombic unit cell has all angles equal to 90 degrees but each 
of the sides is a different length. A triclinic system, has no symmetry at all contained inside its unit cell.  
 In particular, this research focuses on a crystal with a cubic unit cell arrangement. The MgO(100) 
crystal is actually an ionic crystal solid. It is also an example of a cubic close packed system which 
determines the density of atoms in the crystal. In an ionic solid, the atoms in the crystal are actually 
charged ions in which there is a pattern between the positively charged cation and the negatively charged 
anion. The charges on the ions generally cancel to yield an overall structure which is neutral. The anions 
are generally larger atoms or molecules, with fluffy electron clouds, while the cations are smaller and 
located in the “holes” formed by the close packed structure of the anions
12
. 
 Since adsorption focuses on the structure of the surface of the crystal, it is important to 
understand the exact arrangement and pattern of atoms along the surface. Depending on the angle at 
which the crystal structure was cleaved, a different arrangement of atoms will be present along the 
surface. Miller indices, represented by (100) in the MgO(100) designation, specify the arrangement of the 
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1.4: The Schrödinger Equation and Its Approximations 
1.4.1: The Schrödinger Equation 
 In classical mechanics, there are separate equations for wave motion and particle motion. 
However, in quantum mechanics, there is only one equation, known as the Schrodinger equation. The 
time independent Schrödinger equation is written 
   
  
  
                                , [1.1] 
where m is the mass of the particle, E is the energy of the particle, and ψ(x,y,z) is the particle’s 
corresponding wavefunction. This wave equation can be found from the classical wave equation by 
substituting de Broglie’s equation for the wavelength λ so that by combining 





 , [1.2] 
which is the classical wave equation with 
  
 
        
, [1.3] 
one obtains Equation [1.1]. The Schrödinger equation can also be found by comparing it to a particle 




    
    
    
       , [1.4] 
where px is the momentum of the particle in the x direction. By allowing 
    
 




 , [1.5] 
to hold, we obtain Equation [1.1] again. We find that Equation [1.5] is actually one of the postulates of 
quantum mechanics.  
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 The Schrödinger equation can be simplified and written as 
     , [1.6] 
where H is the Hamiltonian operator. By looking at the Schrodinger wave equation in this form, the wave 
function ψ is an eigenvector with E as the corresponding eigenvalue for the operator H. This view of the 




1.4.2: Quantized Energy, the Wavefunction, and the Probability distribution/density 
 Since the energy of a system determined by quantum mechanics is found by finding the 
eigenvalues for the Schrodinger equation, energy for these particles is quantized; in other words, particles 
are only allowed to have specific energy values. In contrast, in classical mechanics, the system is not 
restricted to any particular set of energy values. Each energy value for a system has a different 
wavefunction ψ. In fact, as the energy value increases, the wavefunction becomes more oscillatory.  







 is the complex conjugate of ψ), is the probability density function. Since it is impossible to 
know both the position and momentum of a particle exactly in quantum mechanics due to the Heisenberg 
Uncertainty Principle, this tool can be useful in determining the location at which the particle is most 
likely to be found. The wavefunction is also normalized so that 
                                  
 




In addition, some basic conditions are placed on ψ so that the Schrodinger equation makes sense; for 
example, ψ must be a single-valued function which does not have infinite values in any region, and the 
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 If one is able to solve the Schrodinger equation for a particle or interacting system, then all of the 
information on the energy, momentum, and location of the particle could be found. However, direct 
solutions to the Schrodinger equation are quite uncommon. In fact, the only atom in which the exact 
solution for the Schrodinger equation can be found is hydrogen. Other idealized systems, such as the 
particle-in-a-box model, also have exact solutions. Therefore, a significant amount of research and effort 
is placed on finding methods to accurately approximate the solutions to the Schrodinger equation for 
various systems.  
 
1.5: Lennard Jones potential  
 When two molecules are separated by a long distance, called z, they will experience a long-range 
attractive force that pulls the two molecules together. This long range attractive force is due to the 
Coulombic forces from charged particles. As molecules get closer together, the electrons in one molecule 
begin to repel the electrons in the other; similarly, the nuclei begin to repel each other as well.  
Once two molecules are close together, these repulsive forces increase dramatically the smaller 
the distance between the two nuclei shrinks. These two attractive and repulsive forces can be combined to 
form the total interaction potential between two molecules in the Lennard-Jones (p, 6) potential 












 term is responsible for the long range attractive forces and the 1/z
p
 term creates the short 
range, intensive repulsive force. The general form of the Lennard-Jones potential is shown in Figure 1.1. 
The distance marked by r0 is the equilibrium bond distance; at this distance, the interaction energy is the 
most negative and has a well depth of є. In addition, σ corresponds to the distance z at which V(z) = 0. 
The standard form of the Lennard-Jones potential is the (12, 6) potential; however, there is no theoretical 
support for the 1/z
12









Figure 1.1: This shows a Lennard Jones (12, 6) potential in which the parameters є and σ are shown. Also, r0 is 
the equilibrium bond distance for this interaction. 
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 A light atom, like He, can be elastically diffracted onto a crystal surface and can undergo an 
adsorption reaction and have a binding energy and also have a momentum component parallel to the 
surface of the crystal. Eventually, when the He atom gains enough energy, it can overcome the binding 
energy and reflect off of the surface. Since this processes is controlled by quantum mechanics, only 
certain energy values are allowed. By studying the angles at which the He atom is reflected from the 
surface and the energy with which it is moving across the surface, the bound states of the He atom can be 
experimentally approximated; however, in order to predict the bound states from these experimental 
values, certain assumptions about the solid and its surface structures must be made. In particular, if an 
adsorbate is bound to a solid with a large lateral corrugation, the bound states for that interaction cannot 
be predicted using conventional methods. One such system in which traditional methods cannot 
accurately predict the bound states is the He-NaCl(001) interaction. Figure 1.2 shows the band structures 
for the He-NaCl(001) interaction assuming a low corrugation and a high corrugation. Notice that the 
lightly corrugated system has a lowest bound state E0=4.08 meV, but the highly corrugated system 
displaces the bottom of the band to E0=5.0 meV.  
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Figure 1.2: The top figure is the band structure for the He-NaCl(001) interaction with a low corrugation 
value (c=.02). The bottom figure is the band structure for the same He-NaCl(001) interaction but with a 
high corrugation value (c=.76). Notice that, at the higher corrugation value, the lowest energy band is 
shifted from a value around -4.08 meV to -5.0 meV. 
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1.7: The He-MgO(100) system 
 The interactions between He atoms and specific ionic solids like NaCl(100) and MgO(100) 
crystals have been studied extensively using both experimental and theoretical techniques
16,17,18
. Since the 
polarizability of He is so small, the interaction is dominated by those forces which are taken into account 
using a Lennard-Jones potential, namely a long range attractive force due to van der Waals forces and 
induced dipoles and a short range, steeply repulsive force due to the immediate overlap of the He electron 
cloud with the electrons in the surface of the substrate
19
. A new experimental technique for the 
development of clean solid surfaces with a minimum of bumping and impurities has also increased the 
validity of the experimentally calculated values and encouraged additional theoretical models
20
.  
1.8: Experimental Inconsistencies in the Calculation of the He-MgO(100) interaction 
 The experimental information on the laterally averaged potential for the He-MgO(100) 
interaction comes from angle and energy resolved studies of the inelastic scattering of the He atoms off of 
the MgO(100) surface. In addition, information on the corrugation of the surface can also be  inferred 
from the analysis of the Bragg diffraction peaks of the He atoms while the bound energy states for the 
laterally averaged potential is extracted from experiments on the selective adsorption and desorption of 
the He atoms on the surface
14, 15, 16, 21
. The corrugation of a system is defined to be the difference between 
the minimum and maximum values of the height of the adsorbate atom as it travels along the surface of 
the  crystal. For example, the difference between the minimum height of the He atom and the maximum 
height of the He atom as it sits above the MgO(100) surface is shown in Figure 1.3. This value, which wil 
be discussed in detail later, is a parameter which can be evaluated both experimentally and theoretically; 
this allows for a comparison between the two methods to be made. Work conducted by Vargas and 
Mochan has determined that increases in the corrugation of the surfaces can cause these experimentally 















 Since the bound states for the laterally averaged potential cannot be directly measured, there is 
some uncertainty on the accuracy of the measurements, especially after the work conducted by Vargas on 
the effects of corrugation on this potential. This uncertainly is also suggested by the lack of agreement 
between different experiments. As shown in Figure 1.4, different experimental techniques have led to 
different suggested bound states for the laterally averaged potential as well.  
Vargas suggests that, to more accurately model the laterally averaged potential, the calculation of 
the band structure for these interactions would help test the validity of the experimentally inferred bound 
states. To find the band structures, we must create a realistic model for the He-MgO(100) interaction 
which will allow for the lateral motion of the He atom across the surface to be integrated into the previous 
laterally averaged potential calculations. However, to calculate the band structures, an accurate method 
which incorporates the long range attractive forces and the repulsive adsorbate-substrate interaction at 
small distances needs to be incorporated as well. Previous quantum chemical work using Hartree-Fock 
Figure 1.3: The figure shows the lateral corrugation value (ζ0) for the He-MgO(100) interaction. 
Based off experimental and intuitive understanding, we expect the He atom to exist at a larger z 
value when above the O2- ion and have a smaller height when it sits above a Mg2+ ion. The average 
of these two heights is known as the laterally corrugation.  
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and density functional theory has been used to study the repulsive nature of these interactions
22, 23
. 
However, both of these methods fail to incorporate the long range attractive forces. Conversely, a study 
which uses a local second-order Moller-Plesset (MP2) perturbation theory was used to model these long 
range attractive forces due to van der Waals forces between He and the MgO(100) surface
22
. However, 
when these binding energies are compared to those binding energies using a finite coupled cluster model 
for the MgO surface, a significant level of disagreement between the two measurements existed. 
Therefore, there is currently no model for the He-MgO(100) derived from first principles that will 
accurately calculate the basic interaction potential energies for the He-MgO(100) and can be used in band 
structure calculations. Based on the relative success of the pairwise additive model developed in this 
thesis, we believe this model presents a valid approximation of the potential energy contribution to the 




Exp. 1  Exp. 2  Exp. 3  
E0  --  -10.2  -10.2  
E1  -5.52  -6.0  -5.3  
E2  -2.57  -2.6 -2.4 
E3  -1.16  -1.2  -.90  
E4  -.54  --  -.55  






Figure 1.4: From Benedek et al,18 these are a series of experimentally suggested bound states for the 
laterally averaged potential for the He-MgO(100) interaction. The different experiments both 
predict different numbers of bound states as well as lack precision as to energy value. The lack of 
consistency in the experimental data suggests that, in order to properly extrapolate the bound 
states, the band structure for the He-MgO(100) interaction needs to be calculated. 
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2. Methods  
 While the ultimate goal of this research is to develop a model which accurately models the He-
MgO(100) interaction, two separate techniques are developed. First, we aim to develop a model which 
can accurately model the potential energy interaction between the He adsorbate and the MgO(100) 
surface in order to find the bound states for the laterally averaged potential. This method utilizes a 
pairwise additive model in which we assume that the total energy of the interaction is equal to the sum of 
the interaction energies between the He adsorbate and each individual ion found in the MgO(100) crystal. 
We then use this pairwise additive model for the He-MgO(100) interaction as the potential energy 
component in the calculations for the band structure of the He-MgO(100) interaction. This second aim of 
this research is to accurately model the band structure for this interaction. 
 
2.1. Development of the Pairwise Additive Method for the He-MgO(100) interaction 
2.1.1: Defining the MgO(100) surface 
 To effectively model the He-MgO(100) interaction, we began by modeling a semi-infinite 
MgO(100) crystal and defining a Cartesian coordinate system for the crystal. In addition, we assume a 
perfect crystal surface with no defects, rumpling, buckling, or relaxations of the atoms in the crystal since 
previous theoretical studies have determined that this rumpling and relaxation is negligible for the He-
MgO(100) system
24,25
. We selected a (100) surface because the majority of the experimental data 
available was conducted on this surface; the surface layer of the (100) crystal is depicted in Figure 2.1. As 
shown, the Mg and O atoms form an alternating structure. Due to the high electronegativity difference 
between Mg and O, this crystal is classified as an ionic crystal
12
. Therefore, the two valence electrons in 




ions in the crystal. The 
smaller, filled circles in Figure 2.1 correspond to the Mg
2+
 ions while the larger, open circles represent the  
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 ions. The square defined by the dotted lines represented the repeating unit cell for this (100) crystal 
structure.  
 An (x,y,z) coordinate axis was defined for the system as shown. We place a surface Mg ion at the 
origin where (x,y,z)=(0, 0, 0). The z axis is perpendicular to the surface MgO layer; this layer lies in the 
z=0 plane. The x and y axis were defined along the Mg-O-Mg lines in the surface crystal layer (as shown 
in Figure 2.1). From experimental data on the structure of the MgO(100) crystal, we define the distance 
between a Mg ion and the nearest O ion to be b=2.11 Å. In addition, we define a (u, v, z) coordinate axis. 
As before, a Mg ion lies at the origin, and the surface layer lies in the z=0 place. However, the u and v 
axis are defined along the Mg-Mg lines in the crystal surface. The Mg-Mg distance is found to be     
=2.98 Å. Thus the (u, v) axis pair is a 45° rotation of the (x, y) pair, and an atom’s coordinates with 
respect to the (u, v) axes can be defined from the coordinates with respect to the (x, y) axes by the rotation 
matrix 
Figure 2.1: This is the view of the top layer of the MgO(100) surface. The small red circles represent the 
Mg2+ ions while the large, open blue circles are the O2- ions. The (x,y) and (u,v) axes are also shown on this 
diagram. The square shown by the dotted line is the unit cell for the MgO(100) crystal. The length of the 
unit cell is 2.98 Å, and the distance between neighboring Mg2+-O2- ions is 2.11 Å. 
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 , [2.1] 
so that   
   
  
 and   
   
  
. The He atom is then placed at some location above the crystal surface 
denoted by the coordinates (x,y,z) in which all coordinates are measured in Angstroms. 
 
2.1.2: The pairwise additive equation for the laterally averaged potential for the He-MgO(100) 
interaction 
 In this pairwise additive model, we assume that the total interaction between the He atom, which 
is located at some distance (z) above the surface, and the MgO(100) crystal can be found by totaling the 
interactions energies which exist between the He adsorbate atom and each individual atom in the semi-
infinite MgO(100) crystal we defined above. Each of these individual He-X interaction energies, where X 




ion from the surface, can be computed using the Lennard Jones (p, 6) form 
         
   
  
 
   
  
, [2.2] 




 ion in the crystal 
substrate
26,27
. The p coefficient controls the repulsive component of the Lennard-Jones (p, 6) potential; in 
other words, the p coefficient defines the relative “steepness” of the repulsive portion of the Lennard-





interactions would have the same p parameter. In addition, in this model we assume p is an integer greater 
than 6. If the p parameter is less than 6, the Lennard Jones would lose its characteristic attractive character 
at long distances. This attraction at long distances is a well documented phenomenon and, therefore, the 
assumption is reasonable
1, 26
. The constants Cp, X
 
and C6, X are specific constants which are dependent only 
on the identity of the atom in the substrate and the repulsive parameter p which is chosen.  
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 We find that the potential energy component of the He-MgO(100) interaction can be 
approximated using  
     
  
  
               




where J0 is the first kind Bessel function of order 0 and eHe-X is the Lennard-Jones (p,6) potential. 
The derivation of this equation can be found in Section 2.2.2.3 of this paper. Since we are using a 
Lennard-Jones (p,6) model for this interaction, we know that the only components of the eHe-X function 
that are dependent on the distance the He atom is from the surface are the reciprocal powers of the 
distance. Therefore, we find, by using various properties of Bessel functions
28
, that 
        
 
      
 
   








      
 
 
  [2.4] 
where Kn is the modified second kind Bessel function of order n and, since for the laterally averaged 
potential, g=0,  








        
 
     
   [2.5] 
We determine that, for a (p,6) relation, we find n=(p-2)/2 and n = 2 respectively. Therefore, we find that, 
for g=0,the laterally averaged pairwise additive He-MgO(100) interaction potential can be written 




        
              
 
        
        
       [2.6] 
where n labels the layers of ions in the MgO(100) crystal (where n=0 is the surface layer), a
2
 is the area of 




 Since Equation [2.6] has the basic Lennard-Jones(m, 6) shape, it experiences short range 
repulsive forces dominated by the (Cp,Mg + Cp,O)/((p-2)(z+nb)
p-2
 term at small z values. However, at large 
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 attractive forces cause the function to 
asymptotically approach a specific C3 value which is unique to the He-MgO(100) system. Because of this 
asymptotic behavior, we can neglect the repulsive parameter at large z and approximate Equation [2.6] as 
          
 
   
 
        
       
 
     [2.7] 





          
 
      
     
 
 
    [2.8] 
By letting q = z/b and using the asymptotic expansion of the polygamma function for large q values, 
Vlat(z) can be written as the series 
          
           
      








   
     [2.9] 
which will be used to find information on the basic attractive coefficient C3 for the He-MgO(100) 
interaction. 
 
2.2: Band Structure Calculation Using a Hamiltonian Matrix System 
2.2.1: Derivation of Equation for the Band Structure 
 We define the same “semi-infinite” MgO(100) crystal that we used for the pairwise additive 
model in section 2.1.1. Since the MgO(100) crystal has an alternating pattern, we can view the resulting 
wavefunction for the MgO(100) crystal as a periodic function along the surface. Therefore, the overall 
He-MgO(100) interaction will be periodic and is written as 
                    
    
     [2.10] 
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where r = (R, z) which acts as the position vector for the He atom; z is the projection normal to the 
surface while R is the periodic projection parallel to the surface
14,15
. {G} is the 2D reciprocal lattice for 
the MgO(100) surface; VG(z) are the Fourier coefficients for potential which are found at each height z 
and lattice vector G. Finally, V0(z) is the laterally averaged potential which is the value which was found 
in the pairwise additive model.  
 We can write the Schrodinger equation as 
            
       [2.11] 
where H is the Hamiltonian matrix, Eλ(K) is the energy eigenvalue for the Schrodinger equation, ψ
λ
K is 
the wavefunction eigenvector, and K is the vector which controls the motion of the He atom along the 
surface. In this form, we can apply Bloch’s theorem for periodic potentials to the Schrodinger equation 
and write the equation as two dimensional plane waves of the form 
     
          
               [2.12] 
where K is the two-dimensional Bloch’s vector which controls the horizontal motion of the He atom as it 
travels parallel to the surface of the MgO(100) surface and 
                                [2.13] 





   
                        [2.14] 
and exp(i(K + G)) is a plane wave moving parallel to the MgO(100) surface with a wavevector as the sum 
of the horizontal motion vector K and the reciprocal lattice vector G for the MgO(100) surface. We 
multiply the three dimensional Schrodinger equation by <n’, K+G| to obtain 
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 [2.15] 
which can be split into three components
14,15
. The first two components are simplified by letting V(x, y, z) 
= V0(z) + Σ (VG(z) exp(i(G * R)) and
 
                                                               
       [2.16] 
which can be split further into the first energy component 
                                          
        [2.17] 
                                             
        
which, due to orthogonality, is 0 when G’ is not equal to G and is 
                        [2.18] 
when G’=G. The second component is  
                                                        
        [2.19] 
which simplifies to  
                                     [2.20] 
when G’ is not equal to G. 
We then took the remaining components of the Schrodinger equation 





   
 
  
   
 
  
   
                  
        [2.21] 
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which can, once again, be split into different separate energy components; the third component for this 
system is the horizontal energy in the z direction. This contribution is 0, due to orthogonality, when G’ is 
not equal to G and n’ is not equal to n, and is 





   
            [2.22] 
when G’ = G and n’ = n. The fourth component is the energy in the (x,y) direction. This contribution is 0, 
due to orthogonality, when n is not equal n’ and G is not equal to G’, and is 





   
 
  
   
                    [2.23] 
when n = n’ and G = G’.  
These four components can combine to form a matrix equation  
      
  
  
                             
           
 
              
   [2.24] 
where  
             
       
                 
  
  
  [2.25] 
and α
λ
n, K + G act as the components found in the eigenvector α(K+G)
14,15
. This matrix equation now takes 
into account kinetic and potential energies in both the horizontal (x,y) direction along the surface and in 
the vertical (z) direction normal to the surface. To look at this equation in the matrix form, see the 
following figure, where each matrix element is labeled by the equations that contribute to that matrix 
element. 
Figure 2.2 The Hamiltonian matrix defined by Equation [2.24] 
n\n’  0 0 0 ……. 1 1 1 …… 
 G\G’ (0,0) (0,1) (1,0) ……. (0,0) (0,1) (1,0) …… 
0 (0,0) 2.22+ 
2.23+ 
2.18 
2.20 2.20 ……. 2.18 2.20 2.20 …… 
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0 (0, 1) 2.20 2.22+ 
2.23+ 
2.18 
2.20 ……. 2.20 2.18 2.20 …… 
0 (1,0) 2.20 2.20 2.22+ 
2.23+ 
2.18 


















1 (0,0) 2.18 2.20 2.20 ……. 2.22+  
2.23+ 
2.18 
2.20 2.20 …… 





























The eigenvalues for this matrix, referred to as the Hamiltonian matrix,  will provide the data necessary to 
construct the band structures for He-MgO(100) interaction while the calculated eigenvectors will find the 
corresponding wavefunctions. 
 
2.2.2: Implementation of Band Structure Equation for He-MgO(100) system 
 From a detailed study of the previous pairwise additive model, we obtained a set of sigma and 
epsilon values (see Figure 1.1) for both He-Mg and He-O interactions.  These values gave reasonable 
results for the energy levels of the laterally averaged potential. We assume that the reciprocal lattice 
vectors {G} have integer components and are written G = (u, v). Therefore, when choosing {G} vectors, 
certain sets of vectors must be allowed. For example, if we choose g values of 0, which would correspond 
to calculating the laterally averaged potential, then G = (0, 0) is the only allowed vector. The next set of G 
vectors uses the integers -1, 0, and 1 and corresponds to {G} = {(-1, -1), (-1, 0), (-1, 1), (0, -1), (0, 0), (0, 
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1), (1, -1), (1, 0), (1, 1)} which has 9 vectors total. The next set of G vectors uses the integers -2, -1, 0, 1, 
2; this trend continues. However, our calculations should converge after a certain number of g values.  
To find these energy contributions, we also used a series of Gaussian functions centered at 
various height (z) values as a basis set. For example, we would define a range of z values where we 
believed the He atom to travel. We would then define a step size and have a Gaussian centered at the 
maximum z value, minimum z value, and at every height in between, with consecutive heights separated 
by that z step value. We let n be the number of Gaussians used. These Gaussians are defined using the 
Harmonic.cpp code (located in Appendix A). Since, by equations [2.18], [2.20], [2.22], and [2.23] we are 
required to integrate over all space, we defined two height values (zmin and zmax) which serve as the 
limits to our integration. Once again, the solutions to the problem should converge after a certain number 
of Gaussians. We let p = n * no. of G vectors.  
 In the program main2.cpp (attached in Appendix A), we first create a reference matrix, entitled 
array, which is size p x 3. If we assume that we are using a minimum z value of 1.5 Å, a maximum z 
value of  13.00 Å, n = 115 (which corresponds to a z step of 0.1 Å), and a set of 3 G vectors, we created 
an array matrix which has the entries 
1.5 -1 -1 
1.5 -1 0 
1.5 -1 1 
1.5 0 -1 
1.5 0 0 
1.5 0 1 
1.5 1 -1 
1.5 1 0 
1.5 1 1 
1.6 -1 -1 
… … … 
13.00 1 -1 
13.00 1 0 
13.00 1 1 
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and has a size 1035x3. We then use this reference matrix to create combinations of n, n’, G, and G’ 
values to enter into equation [2.24]. We use these combinations to create the Hamiltonian matrix defined 
by Figure 2.2 which we call eigena. We start by defining the component in eigena[1][j]. In this location n, 
Gu, Gv are equal to array[1][1], array[1][2], and array[1][3] respectively while n’, Gu’, Gv’ are equal to 
array[1][j], array[2][j] and array[3][j] respectively for all j. We then define the row eigena[2][j] by 
defining n, Gu, Gv equal to array[2][1], array[2][2], and array[2][3] respectively while n’, Gu’, Gv’ are 
equal to array[1][j], array[2][j] and array[3][j] respectively for all j. These combinations of n, n’, Gu, Gu’, 
Gv, and Gv’ then determined which energy components are placed in each cell in eigena. 
 
2.2.2.1: The Kinetic Energy Component Normal to the MgO(100) surface (Equation 2.22) 
 When n=n’, Gu=Gu’, and Gv=Gv’, a vertical kinetic energy component is added to the value in 
the cell. This component is calculated using the code entitled Tz.cpp (which is attached in Appendix A). 
We need to solve  





   
             [2.26] 
where  
             
       
   
   [2.27] 
In Equation [2.27], z0 is the z value which marks the center of the Gaussian, α is found by 






 , [2.28] 
and N0 is the normalization constant 
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We also find 
  
   
              
       
   
    





  . [2.30] 
Since we need to integrate over all space, we use the previously defined zmin and zmax values which 
extended beyond the limits where we believe the He atom will reside; for example, when having the 
Gaussian range be 1.50Å to 13.00Å, we used a zmin=.5 Å and a zmax = 30.00Å. We defined a delta z 
value to be .01 Å. In the matrix, entitled array, the first column ranges from z min to z max with a step 
size of delta z. The second column then solves Equation [2.27]  using the inputted Gaussian center value 
as z0 and the value in the first column as z. The third column has the solutions to Equation [2.30] , using 
the same variables. The fourth column contains the solution to Equation [2.26] which is (-ħ
2
/2m) 
*column2*column3. We then used the standard trapezoidal rule to approximate the integral over this 
defined function 
                 
 
 
                            
     
   
    
    
. [2.31] 
We then return this value to the main program to be added to the value found in that cell of the 
Hamiltonian matrix. 
 
2.2.2.2: The Potential Energy Component when g is not 0 (Equation [2.20]) 
 This energy value, which is computed using bracket.cpp, is utilized when Gu does not equal Gu’, 
and Gv does not equal Gv’. Since MgO is a periodic, repeating crystal, we define a two dimensional 
lattice vector which is parallel to the surface of the crystal such that 
           , [2.32] 
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where l1 and l2 are integers and a1,a2 are unit lattice vectors. In this case, because the side of the unit cell is 
2.98 Å in length, a1=a2=2.98Å. Therefore, if the He atom is moved along the surface by l, then it will be 
at an equivalent position and 
                  [2.33] 
where the vector l has no effect on the height, or z value, of the He atom. We know that the MgO(100) 
crystal has a periodic structure; using Fourier series, we represent this periodic nature by 
                        , [2.34] 
where τ is the two-dimensional translation vector and g is a multiple of two reciprocal lattice vectors b1 
and b2 
                , [2.35] 
where g1 and g2 are integers and b1, b2 are defined by 
                                 , [2.36] 
so that b1, b2 define a square with sides perpendicular to a2, a1. We set up the vector τ so that 
             
          . [2.37] 
However, by the definition of g and l, 
                             , [2.38] 
and equation[2.34] will have the proper symmetry for the MgO(100) crystal. We define the coefficients 
wg(z) by 
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where we integrate over all space defined by τ. We began by looking at only the first layer of ions in the 
crystal in which He is at the height z above the crystal 
                . [2.40] 
We then introduce the pairwise nature of the contributions by taking advantage of the symmetry of the 
crystal surface by 
                            , [2.41] 
which sums all of the energies for a He-X interaction for all of the X ions located in the surface layer of 
the semi-infinite MgO(100) crystal and the eHe-X(p) function in the basic Lennard Jones (m,6) function 
shown in Equation [1.8]. When we combine equations [2.41] and [2.39], we have 
      
 
  
                                
 
   
 
    
, [2.42] 
where we now integrate over the original unit cell with lattice vector l. However, since we are summing 
over all integers l1, l2, we are now integrating over the entire surface as  
      
 
  




since exp(-ig*l) = 1 from Equation [2.38].For this energy contribution, we limit ourselves to energies that 
are dependent only on the distance the He atom is from the ions in the solid. We define this distance to be  
         , [2.44] 
where t = τ + l. We can now use polar coordinates for t and define 
        , [2.45] 
where ζ is the angle of the horizontal distance t. If the angle between the reciprocal lattice vector g and t 
is η, then 
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                , [2.46] 
and Equation [2.43] can be rewritten as 
      
 
  
         






and the ζ integral gives 
      
  
  
               




where J0 is the Bessel function of order 0
28
. From the basic Lennard-Jones (p,6) potential, we know that 
the function eHe-X has the basic form 










 , [2.49] 
where V0 is some constant independent of the distance the He atom is from the surface. Therefore, we can 
evaluate the integral in Equation [2.48] by inserting the necessary inverse powers for the distance and, 
using basic rules for integration of Bessel functions, we obtain 
        
 
      
 













where Kn is the modified Bessel function of the second kind. Therefore, in the case of the Lennard-
Jones(9, 6) potential, we obtain n values of 7/2 and 2 respectively with a resulting function for when g is 
not equal to 0, as  
           
  
  
        
     
 


















         
 
   . [2.51] 
This is the final approximation we use for the potential energy when g is not 0 for each He-X interaction. 
We use σMg and σO values which were suggested by the results for the previous pairwise additive model. 
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We also take into account numerous layers of ions in the solid. We increased the number of layers used in 
the calculations until there was no longer a significant change in the returned energy values. 
 
2.2.2.3: The Potential Energy Component when g=0 (Equation [2.18]) 
 This energy component, found in potzero.cpp, is called upon when Gu=Gu’ and Gv=Gv’. In a 
similar process to that found in 2.2.2.1 for the vertical kinetic energy component, we solve for the 
Gaussian function centered at the z0 value passed from the main function with the z values ranging from 
zmin to zmax with a delta z value of .01Å. We create a matrix, called array, in which the first row column 
contains these z values, the second row contains the Gaussian solution centered at z value from the main 
program at the z value in the first column, and the fourth row contains the Gaussian solution centered at 
the z’ value with the z value in the first column. The third column, on the other hand, contains the 
solution to 
       
  
  
   
      
              
 
      
        
        [2.52] 
which is the laterally averaged potential at the z value in the first column this equation which was derived 
in the methods section for the pairwise additive model. The fifth column of this matrix contains the full 
solution to Equation [2.18]. The standard trapezoidal rule is then used to integrate this function from zmin 
to zmax, and this integration value is passed to the main program to be added to the Hamiltonian matrix. 
 
2.2.2.4: The Kinetic Energy Component Parallel to the MgO(100) surface (Equation [2.23]) 
 Once again, this component is only called upon when n=n’, Gu=Gu’, and Gv=Gv’. Equation 
[2.22] simplifies to 
Johnson 35 





      , [2.53] 
where K and G are the vector 2-norms for the momentum vector K and the reciprocal lattice vector G 
respectively. Therefore, at each Hamiltonian matrix location in which the indexes are equal, the solution 
to Equation [2.53] is added.  
 
2.2.3: The Lowdin-Orthogonalization of the Hamiltonian matrix: 
 When using a series of basis functions in order to create the Hamiltonian matrix, the overlap 
between the different basis functions must be taken into account by an overlap matrix. In this case, if φ(z) 
is the Gaussian centered at z, then the overlap matrix is created by the integral 








 Because of our selected basis functions, we had near linear dependence in our overlap matrix 
which prevents the calculation of the eigenvalues for the Schrodinger equation. In order to correct this, we 
used an orthogonalization technique known as Lowdin-orthogonalization
31
. Suppose an overlap  matrix, 
which is the same size as our Hamiltonian matrix, is size nxn; then there are n eigenvalue-eigenvector 
combinations for this matrix. We calculate the eigenvalues for the overlap matrix and then order the 
eigenvalues into the first row of a matrix with the largest eigenvalue found in the first column and the 
smallest, or most negative, in the last column. Their respective eigenvector coefficients are then placed in 
the column below the eigenvalues. We picked a threshold value, called T, and kept all of the columns 
with eigenvalues greater than T; all of the columns with a threshold value less than T were thrown away. 
Suppose there were k eigenvalues which were greater than T. We then construct a new matrix, called U, 
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which is size n x k, which has columns constructed by the coefficients for each of the remaining 
eigenvectors divided by the square-root of their respective eigenvalues. We created a new Hamiltonian 
matrix, called H’, of size kxk, by 
        , [2.55] 
where U
T
 is the transpose of the new overlap matrix U. The eigenvalues of this new H’ matrix are the 
solutions to the Schrodinger equation. 
 
2.2.4: Test for Eigenvalue Convergence: 
 The variational principle states that the eigenvalues for this system will be the energy levels 
found in our Lennard-Jones potential; therefore, the smallest (or most negative) eigenvalue for H’ will 
correspond to the ground state energy level. The Hylleraas-Unsold Theorem states that as our 
Hamiltonian matrix H’ gets bigger the calculated eigenvalues will provide more a more accurate 
estimation of the true energy level
30
. Therefore, we began our calculations by ensuring we had 
convergence for our matrix size. 
 The first convergence test ensured that the Gaussians were centered close enough together to 
accurately model the system. This would increase the number of Gaussians used in the system, and, 
therefore, increase the size of our matrix by 1 row and 1 column with each additional Gaussian. We 
determined that each Gaussian needs to be located .1200Å apart to ensure convergence of each 
eigenvalue.  
 The second convergence test ensured that we were sampling Gaussians over a large enough z 
range above the surface. We first expanded the zrange closer to the surface by increasing the zrange 
.1200Å closer to the surface and increasing the number of Gaussians by 1 as well (which would ensure 
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that the spacing between Gaussians stayed the same). After extending the zrefmin range to convergence, 
we tested the zrefmax range using the same method.  
 The third convergence test expanded the number of lattice vectors {G} needed to accurately 
model the oscillations found in the wavefunction for the periodic MgO(100) surface. This was done by 
using {G} = 0, 3, 5, etc until the eigenvalues for the system converged. The number of MgO(100) layers 
needed for convergence and the size of threshold value T were also checked for convergence. All of this 
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3.0 Results and Discussion 
 
3.1: The Pairwise Additive Model for the MgO(100) interaction 
3.1.1: The Value for the Coefficients 
 As is seen in Equation [2.9], at large z values, the equation can be simplified to dependence on 
C3/z
3
 which is the expected form due to the well documented long range attractive forces for van der 
Waals forces
1,26,27









 terms still 
contribute about ten percent of the calculated laterally averaged potential energy and, at z = 60 Å, these 
two terms contribute about five percent of the energy. This indicates that, even at large z, the He atom is 
still experiencing significant interactions with the individual atoms in the surface; even at large distances, 
one cannot accurately model this equation using a “averaged-out” surface. 
 In order to calculate the C3 coefficient for our model, we use a method outlined used by Fowler at 
al 
32
. This method uses the Casimir-Polder equation 
        
 
 




where C6(A, A) is the long range attractive coefficient between two identical atoms A and α(iω) is the 





While α(iω) has no physical basis, the frequency-dependent polarizabilities at real frequencies can be 
measured. These frequencies over the real line can then be converted into the complex plane using a 
technique known as analytic continuation. However, an approximation for α(iω) exists  
       
  
     
, [3.2] 
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where ηA = (NA/αA(0))
1/2 
 and is dependent only on NA, ω, and αA. By using the Slater-Kirkwood formula, 
the number of effective value electrons, NA, can be found for He. In addition, it has been shown, that the 
NA values for ions in a crystal can be accurately approximated by the NA values for their isoelectronic 
ideal gas
33
. The parameter αA(0), known as the static polarizability, is the polarizability of an atom in a 
constant electric field. Equation [3.1] can be rewritten in terms of the interaction between two atoms as 
     
 
 









 where found in Ref 34. Using Equation [3.3] and [3.2],we find C6,Mg =.7665 au and C6,O = 9.087 
au. By inserting these values into equation [2.9] , we find that, since 
     
            
      
, [3.4] 
then our calculated value for C3=164.5meV Å
3
.  
 A variety of theoretical studies have been conducted on the effective C3 coefficients for small 
atoms adsorbed on ionic crystals. First, we expect our calculated C3 value to be larger than the actual 
value. The long-range interactions between the He adsorbate and the substrate atoms found deep inside 
the crystal will be weakened due to the “screening” the occurs due to atoms in the top layers
34
. The actual 
He-MgO(100) C3 value can be found using the frequency-dependent dipole polarizability for He at 
imaginary frequencies and the frequency-dependent dielectric function of the MgO substrate. However, 
measuring these values experimentally still introduces a significant amount of approximation into the 
coefficient. Chung and Cole used the Kramers-Kronig approach, which involves the inversion of the 
experimental found frequency-dependent reflectance of MgO crystals, and found C3 = 128 meV Å
3 17
. 
Nath et al., on the other hand, used different experimental data and the same Kramers-Kronig approach, 
to find a C3=(151 ± 15) meV Å
3 34
. These differences are primarily due to different choices made in the 
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extrapolation of the frequency-dependent dipole polarizabilities and dielectric functions to infinite 
frequencies.  
 Since our calculated MgO(100) C3 coefficient provides a rough approximation to within an order 
of magnitude of the experimentally calculated coefficients, we are reasonable confident that our pairwise 
additive calculation provides an accurate, realistic model for the attractive forces which occur in the He-
MgO(100) interaction. As discussed previously, our calculated C3 value is expected to be slightly larger 
than the real value. An approximation of the effective dielectric screening could have been incorporated 
into our model of the He-MgO(100) interaction by decreasing the C3 coefficient with each successive 
layer into the MgO crystal. However, since there is no experimental agreement on the actual C3 value for 
this system, and our model provides rough agreement with those experimentally calculated C3 values, the 
incorporation of this extra parameter is not warranted at this time. 
 In addition to the lack of experimental consistency for this coefficient, two additional factors 
discourage the implementation of the extra steps needed to approximate the effective dielectric screening 
for this interaction. First, we also neglect the differences in polarizability in the surface ions versus the 
ions found in the interior of the crystal. When we used the Slater-Kirkwood formula to approximate our 
value of C3, we used the polarizabilities found in Ref. 34; however, we would expect the polarizabilities 
of the interior atoms to be smaller than the polarizabilities of the surface ions. The compression of the 
oxygen ions’ larger electron cloud due to the surrounding magnesium ions will decrease the polarizability 
of the electron cloud. This would lead the surface oxygen atoms in the MgO(100) crystal to have a larger 
polarizability and, therefore, a larger C6,O coefficient than the interior O
2-
 ions. The larger C6,O coefficient 
would cause a larger interaction action between the He atoms and the surface ions which would also lead 
to a larger C3 coefficient. These polarizability differences would help counteract the effect of discounting 
the dielectric screening. Secondly, since the He-MgO(100) system has such low interaction energies, the 
He atom, in our model, will have the majority (around 99% or more) of its probability density lying at z 
values below 20 Å. Since, at heights less than 20 Å, we still see significant contributions from the 
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repulsive parameter, we suspect that the inclusion of the effects of dielectric screening will not play a 
significant role in the final laterally averaged potentials we calculate with this pairwise additive model. 
 In our pairwise additive model for the He-MgO(100) interaction, we also ignore the effects due to 
the polarizability of the He atom on the laterally averaged potential. In practice, as the He atom gets close 
to the MgO(100) surface, the charged ions in the surface will cause the electron cloud on the He atom to 
experience fluctuations and, therefore, induce a dipole moment. However, we expect this dipole moment 
to also cause only a small change in our calculated laterally averaged potential. First, the electric field 
which causes the dipole moment to form decreases exponentially as z decreases, and, therefore, should 
only cause a significant dipole moment when the electron cloud of the He atom overlaps with the electron 
clouds of the ions in the crystal. Guo and Bruch estimate that the He polarization could contribute 
approximately .1 meV to the laterally averaged potential when the He atom is in direct contact with the 




3.1.2: Bound states for the laterally averaged potential energy surface  
 From equation [2.6] we see that our model has three unknown parameters: the exponent p which 
controls the short range repulsive forces by changing the slope of the potential and the coefficients Cp,Mg 
and Cp,O since the C6,Mg and C6,O coefficients were approximated in the previous section. However, we can 
define C6, sum=C6, Mg+C6, O and Cp, sum=Cp, Mg+Cp, O, so that the laterally averaged potential in Equation [2.6]  
can be rewritten as 




      
              
 
      
        
     , [3.5] 
with only two adjustable parameters Cp, sum and p. This equation can be further simplified and written as 
     
      
  
 
      
  










 , [3.6] 
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where V0 is some overall strength parameter, σ is the distance (in Å) above the surface where the potential 
energy changes from negative to positive, and r is the height of the He adsorbate above the surface of the 
MgO(100) surface
26
. From the above equation, we set Cp,sum=C6,sumσ
p-6
. Since σ has a more defined 
physical meaning, is a more intuitive parameter than Cp,sum, and has a suggested range of values from 
experimental work, we  treat p and σ as the two adjustable parameters in the model. 
 We set p to be integer values above 6 in order to maintain the standard Lennard-Jones (p,6) 
interaction potential shape with long range attractive and short range repulsive forces. We choose to set p 
= 8, 9, 10, 11, and 12. At each of these p values, we compute the lowest bound energy level E0 (called the 
ground state energy) for the laterally averaged interaction Vlat(z) as a function σ over the range σ=2.0 to 
σ=3.0 Å using the Numerov-Cooley method with the sum in Equation [2.5] being terminated at n=1000 
where the value for Vlat(z) appeared to have converged
35
. Figure 3.1 shows the results of these 
computations. The area between the two horizontal lines in Figure 3.1 shows the experimentally inferred  
Figure 3.1: Shows the dependence of the ground state energy for the laterally averaged potential Vlat(z) 
for the He-MgO(100) interaction on the parameters σ and p.  The blue horizontal dashed lines indicate the 
experimentally inferred value for E0 from Benedek et al
18
. As you can see, various combinations of σ and 
p provide calculated ground state energies which match the experimental data. 
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value for the ground state interaction energy by calculated by Benedek as  –(10.2 ±0.1) meV
16
. Several of 
the p, σ combinations shown in Figure 2 provide E0 values which agree with the experimental value.  
 After determining each of the p, σ combinations, we computed all of the additional excited 
energy states for that Vlat(z) potential. The energies for these excited states were then compared to the 
experimentally excited states found by Benedek; the bound states found for the Vlat(z) potential defined 
by p = 9, σ=2.53Å where the ones in closest agreement with the experimental values and are shown in 
Figure(3.2). As shown, the first three excited energy states are in excellent agreement with the 









E0  -10.23  -10.2 ± 0.1  
E1  -5.29  -5.3 ± 0.1 
E2  -2.41  -2.4 ± 0.1 
E3  -0.93  -0.90 ± 0.1 
E4  -0.28  -0.55 ± 0.1 
E5  -0.06  -0.20 ± 0.1 
 
Figure 3.2: This shows the bound state energies for the laterally averaged potential Vlat(z) for the He-
MgO(100) interaction with p=9; σ = 2.53Å. These parameters provided the best agreement with the 
experimental data from Benedek et al
18 
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However, while both our Vlat(z) and the experimental results support at least five excited states, our 
theoretically calculated values for the fourth and fifth excited energy states are not in agreement with the 
experimentally inferred results. In fact, the values supported by our Vlat(z) function fall well outside of the 
error bounds for the experimental bound states.  
 
Figure 3.3: The top figure shows the laterally averaged He-MgO(100) interaction potential Vlat(z) for p 
=9, σ=2.53 Å. The well depth (є) is 13.75 meV. This is the interaction potential which supplied the bound 
states closest to the experimental values. The bottom figure shows the probability densities for the five 
bound states for the potential shown. As the energy gets less negative, the probability density becomes 
more oscillatory in nature. The fourth and fifth bound states, which are the bound states which deviate 
from the experimental values, have a greater probability density at higher z values.  
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 Figure (3.3) shows the laterally-averaged He-MgO(100) Lennard-Jones(9, 6) interaction and the 
probability distributions for the six supported bound states. As expected, a large percentage of the 
probability density is found at high z values for the fourth and fifth excited states. Therefore, we might 
suspect that, since the C3 coefficient is more important at large z values, the disagreement that exists 
between the experimentally inferred and theoretical values for E4 and E5 might be a result of the exclusion 
of the dielectric screening. However, since our value for C3 is too large, we would expect our calculated 
bound states to be slightly more negative than the Benedek energies. Therefore, another explanation for 
the inherent differences between E4 and E5 in our calculated values versus the Benedek numbers is 
needed. It is possible that the differences are merely a result of the simplifications from the simplistic 
pairwise model or the approximations used in the Numerov-Cooley method.  
 Benedek et al.
18 
developed a laterally averaged potential, Vlat
*
(z), which supports the six bound 
states they determined experimentally of the form 
    

















. A comparison of the two functions, Vlat(z) and 
Vlat
*
(z) is shown in Figure (3.4). As expected, at low z values (1.8 ≤ z ≤ 5.0 Å), the two laterally averaged 
potentials for the He-MgO(100) interaction, are in close agreement with one another. However, at larger z 
values above 5.0Å, Vlat
*
(z) is more negative than the Vlat(z) found using the pairwise additive model. 
Since their C3
*
 coefficient is nearly twice as large as our calculated C3 value, this relationship makes 
sense. This differences in coefficient values will cause the excited states, especially those with significant 
probability densities higher z values where the C3 asymptotic limit becomes more significant, from the 
Vlat
*
(z) potential to be more strongly bound, or more negative, than those found using Vlat(z). Note that 
both potentials do support an equilibrium bond distance for He-MgO(100) interaction to be around 2.5Å. 
Once again, no directly available experimentally data exists to evaluate the accuracy of this bond 
distance. 
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Figure 3.4: The laterally averaged He-MgO(100) potential Vlat(z) for p = 9, σ=2.53 Å from our pairwise 
additive model (in the red, solid line) compared with the experimentally determined Vlat
*
(z) function (shown 
by the dotted blue line)
18
. Notice that at small heights 1.8Å ≤ z ≤ 5 Å (in the top graph) the two potentials 
are very similar. At larger heights, Vlat
*
(z) is more negative than our pairwise additive model (so more 
strongly attractive). 
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3.1.3: Corrugation Amplitudes from the pairwise additive model for the He-MgO(100) reaction 
 The corrugation of the He-MgO(100) system is defined to be the difference between the 
minimum and maximum values of the height of the He atom as it travels along the surface of the 
MgO(100) crystal. The corrugation can be thought of as a measurement of the “bumpiness” of a surface. 
The oxygen ions in the crystal have large, “fluffy” electron clouds since they have an additional two 
valence electrons to make up their octet. The Mg
2+
 ions, on the other hand, have smaller, compact 
electron clouds due to the loss of two valence electrons to the neighboring oxygen atoms. These large and 
small electrons clouds cause a small “bumpiness,” or height differences, along the surface. Figure 1.3 
illustrates the method behind finding the lateral corrugation of this interaction.  
 Information on the corrugation of the He-MgO(100) system can be found experimentally using a 
technique known as Bragg diffraction, in which He atoms are scattered off of the MgO(100) surface
16 22
. 
Information on the corrugation of this interaction can also be extracted from our pairwise additive model. 





 = 95.347 eV Å
9
. We also introduce the physically intuitive variables σMg and σO which 




 interaction potentials change from 
positive to negative respectively. Since C9, sum is fixed from the information provided in the previous 
bound state information, only one of the σ parameters is adjustable at a time. We decide to hold σMg 
constant and the compute σO from the values of C9, sum and σMg. There have been previous experiments 
which have provided a range of reasonable values for σMg; in particular, previous experiments suggest σMg 
should be around 1.55 Å
21
. 
 A way to determine the lateral corrugation from the angular distributions of diffracted He atoms 
in the Bragg diffraction experiments was developed based on the equation 
            
  
 
      
  
 
      
  
 
  , [3.8] 
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where  ζ0 is the corrugation amplitude, z0 is the mean value of ζ, and a is the unit cell length
16, 22
. For a 
specific positive interaction energy Vc ,which we set, we find some location (u,v,z), where V(u,v,z) = Vc 
and ζ(u,v) = z. Therefore, the value of z0 is dependent on the value chosen for Vc. This value is generally 
taken to be equal to the incident kinetic energy of the He atoms when they are scattered from the 
MgO(100) surface. We begin with Vc=20 meV, which is suggested by previous experiments
18, 23
. After 
running the following calculations for a variety of Vc values, we find that the information found on 
corrugation is only weakly dependent on the value of Vc. 
 Using Equation [3.8], we find that when the He atom sits above a Mg
2+
 ion, where (u,v) = (0, 0) 
by our definition of the MgO(100) crystal surface, ζ(0, 0) = z0 -  ζ0; in comparison, when the He atom sits 
above the O
2- 
ion in the surface, where (u,v) = (2.11, 2.11), then ζ(2.11, 2.11)=z0 + ζ0. At the midpoint 
between two neighboring Mg
2+
 ions (or between two neighboring O
2-
 ions), where (u,v) = (±2.11, 0) or 
(u,v) = (0, ±2.11), we have ζ(±2.11, 0) =  z0. If Equation [3.8] properly represents the corrugation, then 
the He adsorbate’s height above the O
2-
 ion will be 2ζ larger than the height of He above the Mg
2+
 ion. 
Therefore, the corrugation amplitude ζ0 can be found by finding the difference between these two heights 
(when V=Vc) so 
   




           
                        
 
, [3.10] 
Benedek et al. estimated the corrugation amplitudes ζ0 for He incident energies ranging from 13 meV to 
60 meV to be between .14Å and .16Å
16, 36
. Additional theoretical studies using density functional theory 
have also been used to try and predict the corrugation amplitudes for the He-MgO(100) interaction. These 
calculations have shown that Equation [3.8] provides a good model for the lateral corrugation and also 
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indicated a ζ0 value of .17 Å at VC=10 meV and .19 Å for VC=80 meV
23
. These values are consistent with 
the information obtained experimentally by Benedek.  
 For our model, we show how the heights above the Mg
2+
 ions (ζ(u=0, v=0)) and the heights above 
the O
2-
 ions (ζ(u=a, v=a)) change as our value for σMg changes in Figure 3.5. The height above the Mg
2+
 
ions is more strongly related to the value for σMg than the height above the O
2-
 ions, which changes only 
slightly across the range of σMg values. The distance between the two curves corresponds to the height  
 
difference of 2ζ0. As shown in Figure 5, in order for our model to reproduce ζ0 values which are close to 
the previously determined values, the σMg value is approximately 2.90Å. However, many previous 
experiments suggest that the physical value for σMg is actually 1.55Å, which is half as large
37
. At the 
Figure 5: This shows the dependence of the height of the He adsorbate above Mg
2+
 ions (in the solid 
line) and the height above the O
2-
 ions on σMg. Notice that, while the height above Mg
2+
 changes 
significantly with the changes in σMg, the height above O
2-
 does not change as much. In addition, the 
distance between the two lines should correspond to 2ζ0. Therefore, as σMg increases, ζ0 decreases. 
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suggested σMg=1.55 Å, our calculated ζ0 value is .40 Å which is much higher than the suggested lateral 
corrugation values. 
 In addition, when we use the σMg=2.90 Å and the constant C9, sum = 95.347 eV Å
9
 values to 
calculate the resulting σO value; these values reproduce a σO=2.49 Å, which is smaller than σMg. The 
smaller σO indicates that the hard sphere radius of the He-O
2-
 interaction is actually smaller than He-
Mg
2+
.; however, we expect the hard sphere radious of He-Mg
2+
 to be the smaller of the two since the 
Mg
2+
 electron cloud is smaller than the electron cloud for O
2-
.  
 In the pairwise model that we used for He-MgO(100), the height at the midpoint between two 
neighboring ions of the same type (ζ(u=a, v=0)), the function, shown in Equation [3.10]  is independent of 
σMg. This independence occurs for two reasons. In our pairwise additive model, we used a function which 
combines the values for both σMg and σO into one σ value. Also, because of the symmetry found for the 
MgO(100) surface, when the He adsorbate is found at a height of ζ midway between two Mg ions, it is 
matched by an interaction which also occurs at the height ζ between two O ions. Functionally, this is seen 
because at the location (u=a, v=0), the He-MgO(100) interaction is independent of its partitioning into 
C9,Mg and C9, 0. 
 For the C9, sum and C6,sum values that were found using our pairwise additive model, we found 
ζ(u=a,v=0) = 1.71Å. However, based on Equation [3.9], we expect this value to be the average between 
the height above Mg
2+
 and the height above O
2-
. This relation only holds when σMg=1.3Å. At both our 
calculated value of σMg=2.90Å and the physically suggested σMg= 1.55 Å, the ζ(u=a, v=0) deviates from 
the standard Equation [3.8]; in fact, equation [3.8] becomes an increasingly poor model for this 
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3.2 Band Structure for the He-MgO(100) interaction: 
3.2.1: The bound states for the laterally averaged potential using the Hamiltonian matrix: 
 We began the calculations for the band structure of the He-MgO(100) interaction by calculating 
the laterally averaged potential. This occurs in the band structure model when we set G= (0, 0) and K=(0, 
0). From our previous pairwise additive model, we found the coefficients for the He-MgO(100) 
interaction in the z direction to be C9,sum= 2.099e4 meV Å
9
 and C3,sum=299.9 meV Å
3
 and are used in the 
equation for the potential energy in the z direction when g=0 in order to simplify Equation [2.52] to  
      
         
  
 
     
  
, [3.11] 
where z is the height at which that particular Gaussian is centered. After convergence was established for 
all negative eigenvalues, we compared the He-MgO(100) bound states for the laterally averaged potential 
using this Hamiltonian method to the bound states found using the pairwise additive method and the 
experimental methods from Benedek. The reasonable agreement between many of the strongly bound 
states encourages the validity of the band structure method for calculating the bound states. Figure 3.6 









σ = 2.53 Å  
Benedek  
E0  -10.15  -10.23  -10.2  
E1  -5.25  -5.29  -5.3  
E2  -2.51  -2.41  -2.4  
E3  -1.07  -.93  -.90  
E4  -.41  -.28  -.55  
E5  -.126  -.06  -.20  
E6  -.03  --  --  
 Figure 3.6: This table shows the laterally averaged bound state energies found using the Hamiltonian band 
structure method compared to the those obtained by the pairwise additive model(p=9, σ=2.53Å), and the 
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We also notice that the bound state method finds more weakly bound states for the laterally 
averaged potential that are not present using either of other methods. Since these bound states have such a 
small energy component, they are highly susceptible to approximation made throughout the method. 
Therefore, at this time, we are unsure whether these additional bound states are real bound states 
previously unnoticed or whether the approximations made in constructing the Hamiltonian matrix lead to 
these false bound states. After conducting additional measurements using this Hamiltonian method, we 
will be better able to hypothesize as to the relevance and accuracy of these weakly bound states. Figure 
3.7 also shows the resulting probability distributions for each of these bound states.  
Figure 3.7: These are the probability densities for the seven bound states for the laterally averaged 
potential for the He-MgO(100) interaction using the Hamiltonian band structure method. As one 
would expect, the probability densities move further away from the surface as the bound state 
becomes less bound.  
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4. Conclusions and Future Work 
 We began by attempting to create an equation for the laterally averaged potential of the He-
MgO(100) interaction which correctly takes into account the long range attractive forces and the shorter 
range, sharply repulsive forces. We developed a simple model based on a pairwise model of the He-




 interactions. We 
also found the bound states for these laterally averaged potentials. The most accurate potential used a 
Lennard-Jones (9,6) potential. This potential supported six bound states and the first four were in 
excellent agreement with the experimental data.  
 When the parameters which were derived using the pairwise additive model were used to 
calculate the lateral corrugation of the surface, significant disagreements with a variety of different 
experiments became evident. In our model, the calculated lateral corrugation far exceeds the corrugation 
predicted by Bragg diffraction and density functional theory experiments. Additional work needs to be 
integrated into these calculations to determine the cause of these discrepancies. The large advantage 
provided by this work is the ability to deconstruct the overall Lennard-Jones potential into two 
components, one for the He-O
2-
 interaction and one for the He-Mg
2+
 interaction. This partitioning is what 
allows our method to calculate the lateral corrugation for the interaction, which cannot be done using 
Benedek’s experimentally derived potential. 
 To further explore the corrugation of the He-MgO(100) system and the validity of the 
assumptions made when converting the experimentally data into the laterally averaged potential values, 
we developed a model in order to calculate the band structure for the He-MgO(100) interaction; these 
calculations involve using a model for the potential energy interactions, like the pairwise additive model 
we developed, in addition to the kinetic energy of the He adsorbate both parallel and normal to the 
MgO(100) surface. After completing the band structure calculations, we hope to be able to evaluate the 
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    double sigMg, sigO, epsilonMg, epsilonO, zmin, zmax, a, b, c; 
    double zref, zrefp, zrefmin, zrefmax, zrefstep, k; 
    double Gu, Gv, Gup, Gvp, Gdiffu, Gdiffv, A, B, C, D, Ku, Kv, magg, magk, masse, Tint, y, max, maxn, min, 
amin;  
    int layer, ii, jj, p, i, j, q, gtotal, zreftot; 
    double pi, twopi, root2; 
 
    double array[1200][3]; 
    double eigena[1200][1200]; 
    double overlap[1200][1200]; 
    double extra[1200][1200]; 
 
    cout.setf(ios::fixed); 
    cout.setf(ios::showpoint); 
    cout.precision(10); 
 
    for (ii = 0; ii <= 1199; ii++) 
    { 
    for (jj = 0; jj <= 2; jj++) 
    { 
        array[ii][jj] = 0; 
    } 
    } 
 
    for (ii = 0; ii <= 1199; ii++) 
    { 
    for (jj = 0; jj <= 1199; jj++) 
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    { 
        eigena[ii][jj] = 0; 
    } 
    } 
 
    for (ii = 0; ii <= 1199; ii++) 
    { 
    for (jj = 0; jj <= 1199; jj++) 
    { 
        extra[ii][jj] = 0; 
    } 
    } 
 
    for (ii = 0; ii <= 1199; ii++) 
    { 
    for (jj = 0; jj <= 1199; jj++) 
    { 
        overlap[ii][jj] = 0; 
    } 
    } 
 
 
    pi = 3.1415926535; 
    twopi = 2 * pi; 
    root2 = sqrt(2); 
     
    double space = 2.99; 
    double mass = 4.0026;        //in amu 
//    double k = 80; 
//    double zref = 2.5;            //Z0 value in A 
//    double hbar = 1.05457e-34; 
 
    ifstream in_stream; 
    ofstream out_stream, out_stream1, out_stream2; 
 
    in_stream.open("inputfile.dat"); 
    in_stream >> sigMg >> epsilonMg >> sigO >> epsilonO >> zmin >> zmax >> layer; 
 
//    cout << "Enter the sigma Mg and epsilon Mg values\n"; 
//    cin >> sigMg >> epsilonMg; 
//    cout << "Enter the sigma O and epsilon O values\n"; 
//    cin >> sigO >> epsilonO; 
 
//    cout << "Enter the minimum and maximum z values. \n"; 
//    cin >> zmin >> zmax; 
 
//    cout << "Enter the number of layers to calculate (the first layer is 0).\n"; 
//    cin >> layer; 
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    masse = mass * (1.66054e-27) * (1/(9.10938e-31)); 
 
//For G values ranging -2 to 2, nmax = 2, p = 75, nmax = 2, gtotal=5 
 
    k = 2; 
 
    zrefmin = 1.50; 
    zrefmax = 13.00; 
    zreftot = 115; 
    zrefstep = (zrefmax - zrefmin)/(zreftot - 1.0); 
    cout << "zref step is " << zrefstep << endl; 
//When gtotal set to 0, must comment out the two g loops as well as redefine p. 
    gtotal = 3; 
    p = (zreftot) * gtotal * gtotal; 
//    p = zreftot;     
    q = p/(zreftot); 
    cout << "p is " << p << endl; 
 
 
//Step 1 in Notebook 
    for (j = 0; j <= zreftot - 1; j++) 
    { 
    for (ii = 0; ii <= q-1; ii++) 
    { 
        y = zrefmin + (j*zrefstep); 
        array[ii + j*q][0] = y; 
    } 
    }  
 
/* 
    for (ii = 0; ii <=q-1; ii++) 
    { 
        array[ii][0] = 0;         
        array[ii + q][0] = 1; 
        array[ii + 2*q][0] = 2; 
//        array[ii + 3*q][0] = 3; 
//        array[ii + 4*q][0] = 4; 
//        array[ii + 5*q][0] = 5; 
//        array[ii + 6*q][0] = 6; 
//        array[ii + 7*q][0] = 7; 
//        array[ii + 8*q][0] = 8; 
 
    } 
*/ 
 
//Step 2 in Notebook 
    for (i = 0; i <= (zreftot - 1); i++){ 
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    for (ii = 0; ii <= gtotal-1; ii++) 
    { 
            array[(i * q) + ii][1] = -1; 
            array[(i * q) + ii + gtotal][1] = 0; 
            array[(i * q) + ii +2*gtotal][1] = 1; 
//            array[(i * q) + ii + 3 * gtotal][1] = 1; 
//            array[(i * q) + ii + 4 * gtotal][1] = 2; 
//            array[(i * q) + ii + 5 * gtotal][1] = 0; 
//            array[(i * q) + ii + 6 * gtotal][1] = 1; 
//            array[(i * q) + ii + 7 * gtotal][1] = 2; 
//            array[(i * q) + ii + 8 * gtotal][1] = 3; 
//            array[(i * q) + ii + 9 * gtotal][1] = 4; 
//            array[(i * q) + ii + 10 * gtotal][1] = 5; 
    }} 
 
 
//Step 3 in Notebook 
    for (ii = 0; ii<=((p/gtotal) -1); ii++) 
    { 
        array[0 + (ii * gtotal)][2] = -1; 
        array[1 + (ii * gtotal)][2] = 0; 
        array[2 + (ii * gtotal)][2] = 1; 
//        array[3 + (ii * gtotal) + (i*q)][2] = 1; 
//        array[4 + (ii * gtotal) + (i*q)][2] = 2; 
//        array[5 + (ii * gtotal) + (i*q)][2] = 0; 
//        array[6 + (ii * gtotal) + (i*q)][2] = 1; 
//        array[7 + (ii * gtotal) + (i*q)][2] = 2; 
//        array[8 + (ii * gtotal) + (i*q)][2] = 3; 
//        array[9 + (ii * gtotal) + (i*q)][2] = 4; 
//        array[10 + (ii * gtotal) + (i*q)][2] = 5; 




    for (ii=0; ii <= p - 1; ii++) 
    { 
    for (jj=0; jj <= 2; jj++) 
    { 
        cout << array[ii][jj] << " "; 
    } 
        cout << endl; 
    } 
*/ 
 
//Creating the pxp array which contains the different values for n, Gv, Gu 
 
    for (ii = 0; ii <= p-1; ii++){ 
    for (jj = 0; jj <= p-1; jj++) 
Johnson 59 
College Scholars Thesis: Dynamics of He adsorbates on MgO(100) surfaces 
 
    { 
        zref = array[ii][0]; 
        Gu = array[ii][1]; 
        Gv = array[ii][2]; 
        zrefp = array[jj][0]; 
        Gup = array[jj][1]; 
        Gvp = array[jj][2]; 
 
        Gdiffu = Gu - Gup; 
        Gdiffv = Gv - Gvp; 
 
        if (Gu == Gup && Gv == Gvp) 
        { 
 
            A = Tz(zref, zrefp, zmin, zmax, k); 
            C = potzero(sigMg, epsilonMg, sigO, epsilonO, zmin, zmax, layer, zref, zrefp, k); 
            eigena[ii][jj] = A + C; 
 
            overlap[ii][jj] = Gaussprod(zref, zrefp, k); 
//            overlap[ii][jj] = overlapS(zref, zrefp, zmin, zmax, k); 
 
        } 
 
        if (Gu != Gup || Gv != Gvp) 
        { 
            D = bracket(sigMg, epsilonMg, sigO, epsilonO, zmin, zmax, layer, zref, zrefp, Gdiffu, Gdiffv, k); 
            eigena[ii][jj] = D; 
 
        } 
    }} 
 
/* 
    c = 0; 
    for (ii = 0; ii <= p-1; ii++) 
    { 
    for (jj = 0; jj <= p-1; jj++) 
    { 
        if (overlap[ii][jj] < 2.4151e-9) 
        { 
            overlap[ii][jj] = 0; 
            c = c+1; 
        } 
    } 
    } 
*/ 
 
//    cout << "The number approximated is " << c << endl; 
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    out_stream1.open("overlapmatrix.dat"); 
    out_stream1 << p << endl; 
    for (jj = 0; jj <= p-1; jj++) 
    { 
    for (ii = 0; ii <= p-1; ii++) 
    { 
        out_stream1 << setprecision(14) << overlap[ii][jj] << endl; 
    } 
    } 
    out_stream1.close(); 
 
    out_stream2.open("pvalue.dat"); 
    out_stream2 << p << endl; 
    out_stream2.close(); 
 
/* 
    max = overlap[0][0]; 
 
    for (ii = 0; ii <= p-1; ii++) 
    { 
    for (jj = 0; jj <=p-1; jj++) 
    { 
        if (overlap[ii][jj] > max) 
        { 
            max = overlap[ii][jj]; 
        } 
    } 
    } 
 
    cout << "The maximum overlap value is " << max << endl; 
 
    min = overlap[0][0]; 
 
    for (ii = 0; ii <= p-1; ii++) 
    { 
    for (jj = 0; jj <=p-1; jj++) 
    { 
        if (overlap[ii][jj] < min) 
        { 
            min = overlap[ii][jj]; 
        } 
    } 
    }     




    for (ii=0; ii <= 5; ii++) 
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    { 
    for (jj=7; jj <= 15; jj++) 
    { 
        cout << overlap[ii][jj] << "     "; 
    } 
        cout << endl; 
    } 
*/ 
 
//Adding K values into the matrix 
 
    for (ii=0; ii <= p-1; ii++) 
    { 
    for (jj=0; jj <= p-1; jj++) 
    { 
        extra[ii][jj] = eigena[ii][jj]; 
    } 
    } 
//Begins the loop to put the K value into place. Currently, since we are using input data, the loop has been removed 
and the only K values are 0,0. Look for ?????? to show where loop would stop. 
//    cout << "Please enter the vector K value. \n"; 
//    cin >> Ku >> Kv; 
 
    in_stream >> Ku >> Kv; 
 
    in_stream.close(); 
 
//    while(Ku != -100) 
//    { 
//This retains the old information as well so, include these two four loops when using the K loop, comment out when 
we are not. 
//    for (ii=0; ii <= p-1; ii++) 
//    { 
//    for (jj=0; jj <= p-1; jj++) 
//    { 
//        eigena[ii][jj] = extra[ii][jj]; 
//    } 
//    } 
 
//Calculates magnitude of K and converts to a0 
    magk = pow((pow(Ku,2) + pow(Kv,2)), .5) * .529177; 
 
    for (ii = 0; ii <= p-1; ii++){ 
    for (jj = 0; jj <= p-1; jj++) 
    { 
        Gu = array[ii][1]; 
        Gv = array[ii][2]; 
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        if (Gu == Gv) 
        { 
//Calculates magnitude of G and converts to a0 
            magg = (twopi / space)*(pow((pow(Gu,2) + pow(Gv,2)), .5)) * .529177; 
 
//Adds the K contributions to the earlier potentials after converting K from Eh to Kelvin. 
            eigena[ii][jj] = eigena[ii][jj] + ((1/(2.0*masse)) * pow(magk + magg, 2) * (4.3597e-18) * (1/(1.38064e-23))); 
        } 
    }} 
 
//Converts eigenmatrix into meV. 
    for (ii=0; ii <= p-1; ii++) 
    { 
    for (jj=0; jj <= p-1; jj++) 
    { 
        eigena[ii][jj] = eigena[ii][jj] * 8.6173324e-2; 
    } 
    } 
 
/* 
//Cuts off small values in the eigena matrix and approximates them to 0 
    for (ii=0; ii <= p-1; ii++) 
    { 
    for (jj=0; jj <= p-1; jj++) 
    { 
        if ((eigena[ii][jj] < 0) && ((-1.0) * eigena[ii][jj] < 7.6262e-5)) 
        { 
            eigena[ii][jj] = 0; 
        } 
        if ((eigena[ii][jj] > 0) && (eigena[ii][jj] < 7.6262e-5)) 
        { 
            eigena[ii][jj] = 0; 
        } 
    } 
    } 
*/ 
 
     
    out_stream.open("eigenmatrix.dat"); 
 
    out_stream << p << endl; 
 
    for (jj=0; jj <= p-1; jj++) 
    { 
    for (ii=0; ii <= p-1; ii++) 
    { 
        out_stream << setprecision(14) << eigena[ii][jj] << endl; 
    } 
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    } 
 
//    cout << "Please enter the vector K value. (Enter -100 for Ku to stop) \n"; 
//    cin >> Ku >> Kv; 
//    } 
//?????????????????????? 
 
    cout << "Done.\n"; 














using namespace std; 
 
double bracket(double sigMg, double epsilonMg, double sigO, double epsilonO, double zmin, double zmax, int 
layer, double zref, double zrefp, double Gdiffu, double Gdiffv, double k) 
{ 
    double magg, z, x, y, h, alpha; 
    double funcn, funcnp, deltamax, tot, T; 
    double V=0, Vna, VMg, VO, twopi, xydistance, space, q, r; 
//    double sigMg, epsilonMg, sigO, epsilonO; 
    int i, ii, jj, p, m, store; 
    double Hn, Hnp; 
    ofstream out_stream1, out_stream2; 
 
    double deltaz = 0.01; 
//    int n = 0; 
//    int np = 1; 
    double mass = 4.0026;        //in amu 
//    double k = 80; 
//    double zref = 2.5;            //Z0 value in A 
    double hbar = 1.05457e-34; 
    double pi = 3.1415926535; 
 
    twopi = 2 * pi; 
    xydistance = 2.11;        //in Angstroms 
    space = 2.99;            //in Angstroms 
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//    cout << "Enter the sigma Mg and epsilon Mg values\n"; 
//    cin >> sigMg >> epsilonMg; 
//    cout << "Enter the sigma O and epsilon O values\n"; 
//    cin >> sigO >> epsilonO; 
 
//    cout << "Enter the G-G' u and v components.\n"; 
//    cin >> Gdiffu >> Gdiffv; 
 
//    cout << "Enter the minimum and maximum z values. \n"; 
//    cin >> zmin >> zmax; 
 
    magg = (twopi / space)*pow((pow(Gdiffu,2) + pow(Gdiffv,2)), .5); 
 
//    cout << "Enter the number of layers to calculate (the first layer is 0).\n"; 
//    cin >> layer; 
 
    deltamax = ((zmax - zmin)/deltaz); 
    double array[5000][5]; 
 
    for (ii = 0; ii <= 4999; ii++) 
    { 
    for (jj = 0; jj <= 4; jj++) 
    { 
        array[ii][jj] = 1; 
    } 
    } 
 
    z = zmin; 
 
    p = 0; 
 
    while (z <= zmax) 
    { 
//Creation of the n and np terms for the integral. 
        funcn = Harmonic(zref, z, k); 
        funcnp = Harmonic(zrefp,z, k); 
//Calculation of the V(z) term for the integral. 
 
        h = z + xydistance*layer; 
        V = 0; 
        ii = 0; 
        store = layer; 
        r = pow(-1.0, (Gdiffu + Gdiffv) ); 
 
         
        do  
        { 
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        q = pow(-1.0, layer + 2); 
 
            if (q == 1) 
            { 
 
            V = V + (epsilonMg*(twopi/pow(space,2))) * 
((1.0/30.0)*pow(sigMg,12)*pow(magg/(2.0*h),5)*BesselKfunc(5, magg*h) - 
2.0*pow(sigMg,6)*pow(magg/(2.0*h),2) * BesselKfunc(2,magg*h)); 
 
            if (r == 1) 
            { 
            V = V + (epsilonO*(twopi/pow(space,2))) * 
((1.0/30.0)*pow(sigO,12)*pow(magg/(2.0*h),5)*BesselKfunc(5, magg*h) - 2.0*pow(sigO,6)*pow(magg/(2.0*h),2) 
* BesselKfunc(2,magg*h)); 
            } 
 
            if (r == -1) 
            { 
            V = V + (-1) * (epsilonO*(twopi/pow(space,2))) * 
((1.0/30.0)*pow(sigO,12)*pow(magg/(2.0*h),5)*BesselKfunc(5, magg*h) - 2.0*pow(sigO,6)*pow(magg/(2.0*h),2) 
* BesselKfunc(2,magg*h)); 
            } 
            } 
 
            if (q == -1) 
            { 
 
            if (r == 1)  
            { 
            V = V + (epsilonMg*(twopi/pow(space,2))) * 
((1.0/30.0)*pow(sigMg,12)*pow(magg/(2.0*h),5)*BesselKfunc(5, magg*h) - 
2.0*pow(sigMg,6)*pow(magg/(2.0*h),2) * BesselKfunc(2,magg*h)); 
            } 
 
            if (r == -1) 
            { 
            V = V + (-1) * (epsilonMg*(twopi/pow(space,2))) * 
((1.0/30.0)*pow(sigMg,12)*pow(magg/(2.0*h),5)*BesselKfunc(5, magg*h) - 
2.0*pow(sigMg,6)*pow(magg/(2.0*h),2) * BesselKfunc(2,magg*h)); 
            } 
             
            V = V + (epsilonO*(twopi/pow(space,2))) * 
((1.0/30.0)*pow(sigO,12)*pow(magg/(2.0*h),5)*BesselKfunc(5, magg*h) - 2.0*pow(sigO,6)*pow(magg/(2.0*h),2) 
* BesselKfunc(2,magg*h)); 
            } 
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            h = h - xydistance; 
            layer = layer - 1; 
//            cout << "V is " << V << endl; 
            ii = ii+1; 
//            cout << "How many do loops? " << ii << endl; 
        } while (layer >= 0); 
 
//If approximating V_{G-G'} by a polynomial. 
//        V = z - zref; 
 
//Entering the values for n, np, and V into array 
 
    array[p][0] = z; 
    array[p][1] = funcn; 
    array[p][2] = V; 
    array[p][3] = funcnp; 
 
    z = z + deltaz; 
    p = p + 1; 
    layer = store; 
    }  
 
//    cout << "The number of dz values taken is " << p << endl; 
 
    for (ii = 0; ii<= deltamax; ii++) 
    { 
    array[ii][4] = array[ii][1] * array[ii][2] * array[ii][3]; 
    } 
 
A.3: Potzero.cpp 







using namespace std; 
 
double potzero(double sigMg, double epsilonMg, double sigO, double epsilonO, double zmin, double zmax, int 
layer, double zref, double zrefp, double k) 
{ 
    double z, h, V0, deltamax, T, funcn, funcnp; 
    double array[5000][5]; 
    int ii, jj, m, i, store, p; 
    ofstream out_stream1; 
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    double deltaz = 0.01; 
    double xydistance = 2.11; 
    double space = 2.99; 
    double pi = 3.1415926535; 
    double twopi = 2 * pi; 
 
    deltamax = (zmax - zmin)/deltaz; 
 
    for (ii = 0; ii <= 4999; ii++) 
    { 
    for (jj = 0; jj <= 4; jj++) 
    { 
        array[ii][jj] = 0; 
    } 
    } 
 
    z = zmin; 
    p = 0; 
 
    while (z <=zmax) 
    { 
        funcn = Harmonic(zref, z, k); 
        funcnp = Harmonic(zrefp, z, k); 
 
        h = z + xydistance*layer; 
        V0 = 0; 
        ii = 0; 
        store = layer; 
 
        do 
        { 
//            V0 = V0 + (twopi/pow(space,2)) * (epsilonMg*((2.0/5.0) * pow(sigMg,12)/pow(h,10) - 
pow(sigMg,6)/pow(h,4)) + epsilonO*((2.0/5.0) * pow(sigO,12)/pow(h,10) - pow(sigO,6)/pow(h,4))); 
            V0 = V0 + (2.099e4/pow(h, 9)) - (299.9/pow(h,3)); 
            h = h - xydistance; 
            layer = layer - 1; 
            ii = ii + 1; 
//            cout << "How many loops? " << ii << endl; 
        } while (layer >= 0); 
 
//convert meV to K 
        V0 = V0 * (1.0/(8.6173324e-2)); 
 
        array[p][0] = z; 
        array[p][1] = funcn; 
        array[p][2] = V0; 
        array[p][3] = funcnp; 
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        z = z + deltaz; 
        p = p + 1; 
        layer = store; 
    } 
 
    for (ii = 0; ii <=deltamax; ii++) 
    { 
        array[ii][4] = array[ii][1] * array[ii][2] * array[ii][3]; 
    } 
 
    out_stream1.open("potzero.dat"); 
     
    for (ii = 0; ii <= p-1; ii++) 
    { 
        out_stream1 << array[ii][0] << "    " << array[ii][1] << "    " << array[ii][2] << "    " << array[ii][3] << "    " << 
array[ii][4] << endl; 
    } 
 
    out_stream1.close( ); 
 
//    cout << "The number of dz values taken is " << p << endl; 
//    cout << "The deltamax value is " << deltamax <<endl; 
 
//To find the integral using the trapezoid formula. 
 
    m = 0; 
 
    T = (deltaz/2.0) * (array[0][4] + array[p-1][4]); 
    for (i=1; i <= p-2; i++) 
    { 
        T = T + deltaz * array[i][4]; 
        m = m+1; 
    } 
 
//    cout << "The integral for V0 is " << T << endl; 
//    cout << "(it integrated " << m << " times.)\n"; 
 
 














using namespace std; 
 
double Tz(double zref, double zrefp, double zmin, double zmax, double k) 
{ 
    double z, answer, T, funcn, derivnp, masse, Tf; 
    int ii, jj, p, m, i; 
 
    double array[5000][4]; 
 
    for (ii = 0; ii <= 4999; ii++) 
    { 
    for (jj = 0; jj <= 3; jj++) 
    { 
        array[ii][jj] = 0; 
    } 
    } 
 
    double h = .01; 
    double mass = 4.0026;        //in amu 
    double deltaz = .01; 
 
    double deltamax = (zmax-zmin)/deltaz; 
 
    ofstream out_stream; 
 
 
    masse = mass * (1.66054e-27) * (1/(9.10938e-31)); 
    z = zmin; 
    p = 0; 
 
    while (z <= zmax) 
    { 
        funcn = Harmonic(zref, z, k); 
//        derivnp = (1/pow(h, 2)) * ( Harmonic(zrefp, z+h, k) - 2 * Harmonic(zrefp, z, k) + Harmonic(zrefp, z - h, k)); 
 
        derivnp = Gaussderiv(zrefp, z, k); 
 
        array[p][0] = z; 
        array[p][1] = funcn; 
        array[p][2] = derivnp; 
 
        z = z + deltaz; 
        p = p + 1; 
    } 
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//    cout << "The number of dz values taken is " << p << endl; 
//    cout << "The deltamax value is " << deltamax << endl; 
 
    for (ii = 0; ii<= deltamax; ii++) 
    { 
    array[ii][3] = (-1.0/(masse*2.0)) * array[ii][1] * array[ii][2]; 
    }     
 
 
//To find the integral using the trapezoid formula. 
 
    m = 0; 
 
    T = (deltaz/2.0) * (array[0][3] + array[p-1][3]); 
    for (i=1; i <= p-2; i++) 
    { 
        T = T + deltaz * array[i][3]; 
        m = m+1; 
    } 
 
    Tf = T * (pow(.529177,2)) * (4.35974417e-18) * (1/(1.38064e-23)); 
 
//    cout << "The integral for Tz is " << T << endl; 
//    cout << "(it integrated " << m << " times.)\n"; 
 
    out_stream.open("Tz.dat"); 
     
    for (ii = 0; ii <= p-1; ii++) 
    { 
        out_stream << array[ii][0] << "    " << array[ii][1] << "    " << array[ii][2] << "    " << array[ii][3] << endl; 
    } 
 
    out_stream.close( ); 
 
         




//Uses the lowdin orthogonalization matrix to determine a new Hamiltonian array with size NxK (where the overlap 
matrix is originally NxN) 
//Takes matrix written in file overlapeigen.dat (from the sym-diag-3.exe program) and, using the eigenvalues, 
arranges them in decreasing order across columns and then removes all eigenvector columns which have 
corresponding eigenvalue less than threshold T. It then writes this new NxK matrix into the file lowdinoverlap.dat 
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    int ii, jj, c, nn, col, p, y; 
    double T, m; 
    double array[1200][1200], vector[1200][1], arrayf[1200][1200], arrayT[1200][1200], Ham[1200][1200], 
extra[1200][1200], eigen[1200][1200]; 
    ifstream in_stream, in_stream1, in_stream2; 
    ofstream out_stream, out_stream1; 
 
    for (ii = 0; ii <= 1199; ii++) 
    { 
    for (jj = 0; jj <= 1199; jj++) 
    { 
        array[ii][jj] = 0; 
    }directing 
    } 
 
    for (ii = 0; ii <= 1199; ii++) 
    { 
        vector[ii][0] = 0; 
    } 
 
    for (ii = 0; ii <= 1199; ii++) 
    { 
    for (jj = 0; jj <= 1199; jj++) 
    { 
        arrayf[ii][jj] = 0; 
    } 
    } 
 
    for (ii = 0; ii <= 1199; ii++) 
    { 
    for (jj = 0; jj <= 1199; jj++) 
    { 
        arrayT[ii][jj] = 0; 
    } 
    } 
 
    for (ii = 0; ii <= 1199; ii++) 
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    { 
    for (jj = 0; jj <= 1199; jj++) 
    { 
        Ham[ii][jj] = 0; 
    } 
    } 
 
    for (ii = 0; ii <= 1199; ii++) 
    { 
    for (jj = 0; jj <= 1199; jj++) 
    { 
        extra[ii][jj] = 0; 
    } 
    } 
 
    for (ii = 0; ii <= 1199; ii++) 
    { 
    for (jj = 0; jj <= 1199; jj++) 
    { 
        eigen[ii][jj] = 0; 
    } 
    } 
 
//    in_stream1.open("pvalue.dat"); 
//    in_stream1 >> p >> endl; 
//    in_stream1.close(); 
 
//Takes the Hamiltonian matrix provided by main2.exe (which is saved under the file eigenmatrix.dat) and saves it 
into the array Ham[][]. 
 
    in_stream2.open("eigenmatrix.dat"); 
    in_stream2 >> p; 
    for (jj = 0; jj <= p-1; jj++) 
    { 
    for (ii = 0; ii <= p-1; ii++) 
    { 
        in_stream2 >> Ham[ii][jj]; 
    } 
    } 
    in_stream2.close(); 
 
    in_stream.open("overlapeigen.dat"); 
 
    for (jj = 0; jj <= p-1; jj++) 
    { 
    for (ii = 0; ii <= p; ii++) 
    { 
        in_stream >> array[ii][jj]; 
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    } 
    }     
     
    in_stream.close(); 
 
//orders the columns in the matrix from the largest eigenvalue to the smallest eigenvalue 
 
    for(nn = 0; nn <= p-1; nn++) 
    { 
    m = array[0][nn]; 
    col = nn; 
 
    for (jj = nn; jj <= p-1; jj++) 
    { 
        if (m < array[0][jj]) 
        { 
            m = array[0][jj]; 
            col = jj; 
        } 
    } 
 
    for(ii = 0; ii <= p; ii++) 
    { 
        vector[ii][0] = array[ii][nn]; 
    } 
    for (ii = 0; ii <= p; ii++) 
    { 
        array[ii][nn] = array[ii][col]; 
    } 
    for (ii = 0; ii <= p; ii++) 
    { 
        array[ii][col] = vector[ii][0]; 
    } 
    } 
 
//Augments all columns with an eigenvalue below a specific threshold value T (K should be c+1) 
 
    T = 1.0e-6; 
    c = 0; 
 
    for(jj = 0; jj <= p-1; jj++) 
    { 
        if (abs(array[0][jj]) > T) 
        { 
            for(ii = 0; ii <= p; ii++) 
            { 
                arrayf[ii][c] = (array[ii+1][jj])/pow(array[0][jj], .5); 
            } 
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        c = c+1; 
        } 
    } 
 
    cout << "c-1=k-1 is " << c-1 << endl; 
/* 
    cout << "The final matrix is \n"; 
     
    for(ii = 0; ii<= p-1; ii++) 
    { 
    for(jj = 0; jj <= p-1; jj++) 
    { 
        cout << arrayf[ii][jj] << "    "; 
    } 
        cout << endl; 
    } 
*/ 
    out_stream.open("lowdinoverlap.dat"); 
 
    for (jj = 0; jj <= c-1; jj++) 
    { 
    for (ii = 0; ii <= p-1; ii++) 
    { 
        out_stream << setprecision(14) << arrayf[ii][jj] << endl; 
    } 
    } 
 






//Now need to calculate the transpose of arrayf (which will be size KxN) 
 
    for (ii = 0; ii <= p-1; ii++) 
    { 
    for (jj = 0; jj <= c-1; jj++) 
    { 
        arrayT[jj][ii] = arrayf[ii][jj]; 
    } 
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    for (ii = 0; ii <= c-1; ii++) 
    { 
    for (jj = 0; jj <= p-1; jj++) 
    { 
        for (nn = 0; nn <= p-1; nn++) 
        { 
        extra[ii][jj] = extra[ii][jj] + arrayT[ii][nn] * Ham[nn][jj]; 
        } 
    } 
    } 
 
//Cout statements that were originally used to compare and correct 
/* 
    cout << "The transpose matrix is \n"; 
    for (ii = 0; ii <= c-1; ii++) 
    { 
    for (jj = 0; jj <= c-1; jj++) 
    { 
        cout << arrayT[ii][jj] << "    "; 
    } 
    cout << endl; 
    } 
 
    cout << "The hamiltonian matrix is \n"; 
    for (ii = 0; ii <= c-1; ii++) 
    { 
    for (jj = 0; jj <= c-1; jj++) 
    { 
        cout << Ham[ii][jj] << "    "; 
    } 
    cout << endl; 
    } 
 
    cout << "The first matrix multiplication matrix gives \n"; 
    for (ii = 0; ii <= c-1; ii++) 
    { 
    for (jj = 0; jj <= p-1; jj++) 
    { 
        cout << extra[ii][jj] << "    "; 
    } 
    cout << endl; 
    } 
*/ 
 
    for (ii = 0; ii <= c-1; ii++) 
    { 
    for (jj = 0; jj <= c-1; jj++) 
    { 
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        for (nn = 0; nn <=p-1; nn++) 
        { 
            eigen[ii][jj] = eigen[ii][jj] + (extra[ii][nn] * arrayf[nn][jj]); 
        } 
    } 
    } 
 
    out_stream1.open("eigennew.dat"); 
    out_stream1 << c << endl; 
    for (jj=0; jj <= c-1; jj++) 
    { 
    for (ii=0; ii <= c-1; ii++) 
    { 
        out_stream1 << setprecision(14) << eigen[ii][jj] << endl; 
    } 
    } 
    out_stream1.close(); 
 
     
         




Appendix B: Convergence Data 






orthog. 1 value 2 value 3 value 4 value 5 value 
7 0.3333 7 -1.0139E+001 -5.1321E+000 -9.4301E-001 4.7917E+000 
 8 0.2857 8 -1.0146E+001 -5.1474E+000 -9.7330E-001 4.6017E+000 
 9 0.25 9 -1.0147E+001 -5.1498E+000 -9.7909E-001 4.5458E+000 
 10 0.2222 10 -1.0147E+001 -5.1519E+000 -1.0009E+000 4.4901E+000 
 11 0.2 11 -1.0148E+001 -5.1564E+000 -1.0294E+000 4.3956E+000 
 12 0.1818 12 -1.0148E+001 -5.1607E+000 -1.0716E+000 4.3004E+000 
 13 0.1667 13 -1.0148E+001 -5.1664E+000 -1.1152E+000 4.1780E+000 
 14 0.1533 14 -1.0148E+001 -5.1719E+000 -1.1650E+000 4.0569E+000 
 15 0.1426 15 -1.0148E+001 -5.1776E+000 -1.2160E+000 3.9263E+000 
 16 0.1333 15 -1.0148E+001 -5.1799E+000 -1.2377E+000 3.8722E+000 
 17 0.125 15 -1.0148E+001 -5.1814E+000 -1.2524E+000 3.8355E+000 
 18 0.1177 15 -1.0148E+001 -5.1825E+000 -1.2631E+000 3.8089E+000 
 19 0.1111 15 -1.0148E+001 -5.1834E+000 -1.2711E+000 3.7889E+000 
 20 0.1053 15 -1.0148E+001 -5.1840E+000 -1.2772E+000 3.7737E+000 
 21 0.01 16 -1.0148E+001 -5.1901E+000 -1.3274E+000 3.6330E+000 
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22 0.0952 16 -1.0148E+001 -5.1907E+000 -1.3326E+000 3.6194E+000 
 23 0.0909 16 -1.0148E+001 -5.1911E+000 -1.3367E+000 3.6085E+000 
 24 0.087 16 -1.0148E+001 -5.1915E+000 -1.3400E+000 3.5997E+000 
 25 0.0833 16 -1.0148E+001 -5.1918E+000 -1.3428E+000 3.5924E+000 
 26 0.08 16 -1.0148E+001 -5.1920E+000 -1.3450E+000 3.5865E+000 
 27 0.0769 16 -1.0148E+001 -5.1922E+000 -1.3469E+000 3.5816E+000 9.9522E+000 
28 0.0741 16 -1.0148E+001 -5.1923E+000 -1.3484E+000 3.5776E+000 9.9453E+000 
29 0.0714 16 -1.0148E+001 -5.1925E+000 -1.3496E+000 3.5743E+000 9.9395E+000 
30 0.069 16 -1.0148E+001 -5.1926E+000 -1.3507E+000 3.5715E+000 9.9348E+000 
31 0.0667 16 -1.0148E+001 -5.1927E+000 -1.3515E+000 3.5692E+000 9.9309E+000 
32 0.0645 16 -1.0148E+001 -5.1928E+000 -1.3522E+000 3.5673E+000 9.9276E+000 
33 0.0625 16 -1.0148E+001 -5.1928E+000 -1.3528E+000 3.5658E+000 9.9250E+000 
34 0.0606 16 -1.0148E+001 -5.1929E+000 -1.3533E+000 3.5645E+000 9.9228E+000 
35 0.0588 16 -1.0148E+001 -5.1929E+000 -1.3537E+000 3.5635E+000 9.9210E+000 
36 0.0571 16 -1.0148E+001 -5.1929E+000 -1.3540E+000 3.5627E+000 9.9196E+000 
37 0.0556 16 -1.0148E+001 -5.1930E+000 -1.3542E+000 3.5620E+000 9.9185E+000 
38 0.0543 16 -1.0148E+001 -5.1930E+000 -1.3544E+000 3.5615E+000 9.9177E+000 




orthog 1 value 2 value 3 value 4 value 5 value 
2.0/38 0.0543 16 -1.01478E+001 -5.19298E+000 -1.35437E+000 3.56153E+000 9.91766E+000 
1.95/39 0.054 17 -1.01479E+001 -5.19623E+000 -1.39350E+000 3.47146E+000 9.73561E+000 
1.90/40 0.0539 17 -1.01478E+001 -5.19456E+000 -1.37459E+000 3.51713E+000 9.82318E+000 
1.85/41 0.0538 17 -1.01478E+001 -5.19286E+000 -1.35600E+000 3.56228E+000 9.90947E+000 
1.80/42 0.0537 17 -1.01478E+001 -5.19107E+000 -1.33803E+000 3.60770E+000 9.99226E+000 
1.75/43 0.0536 18 -1.01478E+001 -5.19450E+000 -1.37415E+000 3.51842E+000 9.82580E+000 
1.70/44 0.0525 18 -1.01478E+001 -5.19283E+000 -1.35649E+000 3.56236E+000 9.90721E+000 
1.65/45 0.0534 18 -1.01478E+001 -5.19111E+000 -1.33922E+000 3.60611E+000 9.98656E+000 
1.60/46 0.0533 19 -1.01478E+001 -5.19443E+000 -1.37326E+000 3.52051E+000 9.83021E+000 
1.55/47 0.0533 19 -1.01478E+001 -5.19279E+000 -1.35633E+000 3.56317E+000 9.90809E+000 
1.50/48 0.0532 19 -1.01478E+001 -5.19112E+000 -1.33967E+000 3.60555E+000 9.98445E+000 
1.45/49 0.0531 20 -1.01478E+001 -5.19431E+000 -1.37191E+000 3.52379E+000 9.83658E+000 
1.40/50 0.0531 20 -1.01478E+001 -5.19271E+000 -1.35554E+000 3.56528E+000 9.91181E+000 
1.35/51 0.053 20 -1.01478E+001 -5.19108E+000 -1.33939E+000 3.60652E+000 9.98576E+000 
1.30/52 0.0529 21 -1.01478E+001 -5.19413E+000 -1.37003E+000 3.52848E+000 9.84535E+000 
1.25/53 0.0529 21 -1.01478E+001 -5.19257E+000 -1.35420E+000 3.56872E+000 9.91807E+000 
1.20/54 0.0528 21 -1.01478E+001 -5.19100E+000 -1.33867E+000 3.60850E+000 9.98906E+000 
1.15/55 0.0528 22 -1.01478E+001 -5.19397E+000 -1.36835E+000 3.53271E+000 9.85316E+000 
1.10/56 0.0527 22 -1.01478E+001 -5.19250E+000 -1.35347E+000 3.57061E+000 9.92145E+000 
1.05/57 0.0527 22 -1.01478E+001 -5.19103E+000 -1.33899E+000 3.60777E+000 9.98760E+000 
1.00/58 0.0526 23 -1.01478E+001 -5.19397E+000 -1.36833E+000 3.53279E+000 9.85332E+000 
0.95/59 0.0526 23 -1.01478E+001 -5.19261E+000 -1.35463E+000 3.56774E+000 9.91619E+000 
.90/60 0.0525 23 -1.01478E+001 -5.19128E+000 -1.34141E+000 3.60167E+000 9.97667E+000 
.85/61 0.0525 24 -1.01479E+001 -5.19426E+000 -1.37099E+000 3.52608E+000 9.84150E+000 
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orthog 1 value 2 value 3 value 4 value 5 value 6 value 7 value 
13 115 52 -1.01475E+01 -5.25381E+00 -2.50525E+00 -1.07829E+00 -4.05096E-01 -9.22026E-02 
 13.2 117 53 -1.01475E+01 -5.25385E+00 -2.50528E+00 -1.07831E+00 -4.05141E-01 -9.66477E-02 
 13.4 119 54 -1.01476E+01 -5.25388E+00 -2.50531E+00 -1.07833E+00 -4.05222E-01 -1.00218E-01 
 13.6 121 55 -1.01476E+01 -5.25392E+00 -2.50534E+00 -1.07835E+00 -4.05245E-01 -1.03658E-01 
 13.8 123 55 -1.01475E+01 -5.25372E+00 -2.50517E+00 -1.07825E+00 -4.05223E-01 -1.06364E-01 
 14 125 56 -1.01475E+01 -5.25376E+00 -2.50520E+00 -1.07826E+00 -4.05266E-01 -1.08787E-01 
 14.2 127 57 -1.01475E+01 -5.25380E+00 -2.50523E+00 -1.07828E+00 -4.05277E-01 -1.11137E-01 
 14.4 129 58 -1.01475E+01 -5.25383E+00 -2.50526E+00 -1.07830E+00 -4.05307E-01 -1.12988E-01 
 14.8 133 60 -1.01476E+01 -5.25389E+00 -2.50532E+00 -1.07833E+00 -4.05335E-01 -1.16205E-01 
 15 135 61 -1.01476E+01 -5.25392E+00 -2.50534E+00 -1.07835E+00 -4.05341E-01 -1.17593E-01 
 15.2 137 61 -1.01475E+01 -5.25375E+00 -2.50519E+00 -1.07826E+00 -4.05300E-01 -1.18657E-01 
 15.4 139 62 -1.01475E+01 -5.25378E+00 -2.50522E+00 -1.07827E+00 -4.05315E-01 -1.19594E-01 
 15.6 141 63 -1.01475E+01 -5.25381E+00 -2.50525E+00 -1.07829E+00 -4.05320E-01 -1.20529E-01 
 15.8 143 64 -1.01475E+01 -5.25384E+00 -2.50527E+00 -1.07831E+00 -4.05333E-01 -1.21234E-01 
 16 145 65 -1.01476E+01 -5.25387E+00 -2.50530E+00 -1.07832E+00 -4.05338E-01 -1.21946E-01 
 16.2 147 66 -1.01476E+01 -5.25390E+00 -2.50532E+00 -1.07834E+00 -4.05349E-01 -1.22474E-01 
 16.4 149 66 -1.01475E+01 -5.25374E+00 -2.50519E+00 -1.07825E+00 -4.05308E-01 -1.22934E-01 
 16.6 151 67 -1.01475E+01 -5.25377E+00 -2.50521E+00 -1.07827E+00 -4.05314E-01 -1.23408E-01 
 16.8 153 68 -1.01475E+01 -5.25380E+00 -2.50524E+00 -1.07828E+00 -4.05323E-01 -1.23749E-01 
 17 155 69 -1.01475E+01 -5.25383E+00 -2.50526E+00 -1.07830E+00 -4.05329E-01 -1.24108E-01 
 17.2 157 70 -1.01475E+01 -5.25386E+00 -2.50528E+00 -1.07831E+00 -4.05337E-01 -1.24360E-01 
 17.4 159 71 -1.01476E+01 -5.25388E+00 -2.50531E+00 -1.07833E+00 -4.05344E-01 -1.24631E-01 
 17.6 161 72 -1.01476E+01 -5.25391E+00 -2.50533E+00 -1.07834E+00 -4.05351E-01 -1.24815E-01 
 17.8 163 72 -1.01475E+01 -5.25376E+00 -2.50520E+00 -1.07826E+00 -4.05313E-01 -1.24973E-01 
 18 165 73 -1.01475E+01 -5.25379E+00 -2.50522E+00 -1.07828E+00 -4.05320E-01 -1.25150E-01 
 18.2 167 74 -1.01475E+01 -5.25381E+00 -2.50525E+00 -1.07829E+00 -4.05327E-01 -1.25266E-01 
 18.4 169 75 -1.01475E+01 -5.25384E+00 -2.50527E+00 -1.07831E+00 -4.05333E-01 -1.25400E-01 
 18.6 171 76 -1.01475E+01 -5.25387E+00 -2.50529E+00 -1.07832E+00 -4.05340E-01 -1.25483E-01 
 18.8 173 77 -1.01476E+01 -5.25389E+00 -2.50531E+00 -1.07833E+00 -4.05346E-01 -1.25583E-01 
 19 175 77 -1.01475E+01 -5.25375E+00 -2.50519E+00 -1.07826E+00 -4.05311E-01 -1.25637E-01 
 19.2 177 78 -1.01475E+01 -5.25378E+00 -2.50522E+00 -1.07827E+00 -4.05317E-01 -1.25688E-01 
 19.4 179 79 -1.01475E+01 -5.25380E+00 -2.50524E+00 -1.07829E+00 -4.05324E-01 -1.25753E-01 
 19.6 181 80 -1.01475E+01 -5.25383E+00 -2.50526E+00 -1.07830E+00 -4.05330E-01 -1.25790E-01 
 19.8 183 81 -1.01475E+01 -5.25385E+00 -2.50528E+00 -1.07831E+00 -4.05336E-01 -1.25839E-01 -1.27031E-03 
20 185 82 -1.01476E+01 -5.25387E+00 -2.50530E+00 -1.07832E+00 -4.05342E-01 -1.25865E-01 -3.27405E-03 
20.2 187 83 -1.01476E+01 -5.25390E+00 -2.50532E+00 -1.07834E+00 -4.05348E-01 -1.25902E-01 -5.03078E-03 
20.4 189 83 -1.01475E+01 -5.25377E+00 -2.50521E+00 -1.07827E+00 -4.05315E-01 -1.25911E-01 -6.76903E-03 
20.6 191 84 -1.01475E+01 -5.25379E+00 -2.50523E+00 -1.07828E+00 -4.05321E-01 -1.25926E-01 -8.29058E-03 
20.8 193 85 -1.01475E+01 -5.25381E+00 -2.50525E+00 -1.07829E+00 -4.05327E-01 -1.25951E-01 -9.79885E-03 
21 195 86 -1.01475E+01 -5.25384E+00 -2.50527E+00 -1.07830E+00 -4.05333E-01 -1.25962E-01 -1.11171E-02 
21.2 197 87 -1.01475E+01 -5.25386E+00 -2.50529E+00 -1.07832E+00 -4.05338E-01 -1.25981E-01 -1.23352E-02 
21.4 199 88 -1.01476E+01 -5.25388E+00 -2.50531E+00 -1.07833E+00 -4.05344E-01 -1.25989E-01 -1.35579E-02 
21.6 201 88 -1.01475E+01 -5.25376E+00 -2.50520E+00 -1.07826E+00 -4.05313E-01 -1.25985E-01 -1.46250E-02 
21.6 202 88 -1.01475E+01 -5.25376E+00 -2.50520E+00 -1.07826E+00 -4.05313E-01 -1.25985E-01 -1.56867E-02 
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21.6 201 88 -1.01475E+01 -5.25376E+00 -2.50520E+00 -1.07826E+00 -4.05313E-01 -1.25985E-01 -1.66113E-02 
21.6 195 88 -1.01475E+01 -5.25375E+00 -2.50520E+00 -1.07826E+00 -4.05312E-01 -1.25984E-01 -1.75333E-02 
21.6 185 88 -1.01475E+01 -5.25374E+00 -2.50519E+00 -1.07826E+00 -4.05310E-01 -1.25983E-01 -1.83290E-02 
21.6 175 88 -1.01475E+01 -5.25373E+00 -2.50518E+00 -1.07825E+00 -4.05308E-01 -1.25983E-01 -2.47816E-02 
21.6 165 88 -1.01474E+01 -5.25371E+00 -2.50517E+00 -1.07825E+00 -4.05306E-01 -1.25982E-01 -2.62164E-02 
24 225 99 -1.01476E+01 -5.25387E+00 -2.50530E+00 -1.07832E+00 -4.05342E-01 -1.26038E-01 -2.72213E-02 
25 235 103 -1.01475E+01 -5.25384E+00 -2.50527E+00 -1.07831E+00 -4.05334E-01 -1.26038E-01 -2.79230E-02 
26 245 107 -1.01475E+01 -5.25382E+00 -2.50525E+00 -1.07829E+00 -4.05327E-01 -1.26036E-01 -2.79189E-02 
27 212 111 -1.01475E+01 -5.25374E+00 -2.50519E+00 -1.07826E+00 -4.05312E-01 -1.26030E-01 -2.84081E-02 
28 220 115 -1.01475E+01 -5.25372E+00 -2.50517E+00 -1.07825E+00 -4.05307E-01 -1.26029E-01 -2.87466E-02 
29 228 119 -1.01474E+01 -5.25370E+00 -2.50516E+00 -1.07824E+00 -4.05302E-01 -1.26027E-01 -2.89801E-02 
30 236 123 -1.01474E+01 -5.25368E+00 -2.50514E+00 -1.07823E+00 -4.05298E-01 -1.26025E-01 -2.91398E-02 
31 242 127 -1.01474E+01 -5.25366E+00 -2.50513E+00 -1.07822E+00 -4.05294E-01 -1.26024E-01 -2.92528E-02 
32 248 132 -1.01475E+01 -5.25372E+00 -2.50518E+00 -1.07825E+00 -4.05309E-01 -1.26029E-01 -2.93258E-02 
33 256 136 -1.01474E+01 -5.25370E+00 -2.50516E+00 -1.07824E+00 -4.05305E-01 -1.26028E-01 -2.93747E-02 
34 264 140 -1.01474E+01 -5.25369E+00 -2.50515E+00 -1.07824E+00 -4.05301E-01 -1.26026E-01 -2.94073E-02 
35 270 144 -1.01474E+01 -5.25367E+00 -2.50514E+00 -1.07823E+00 -4.05297E-01 -1.26025E-01 -2.94289E-02 
36 280 148 -1.01474E+01 -5.25366E+00 -2.50513E+00 -1.07822E+00 -4.05294E-01 -1.26024E-01 -2.94445E-02 
37 288 153 -1.01474E+01 -5.25371E+00 -2.50517E+00 -1.07825E+00 -4.05307E-01 -1.26029E-01 -2.94537E-02 
38 296 157 -1.01474E+01 -5.25370E+00 -2.50516E+00 -1.07824E+00 -4.05303E-01 -1.26027E-01 -2.94597E-02 
39 304 161 -1.01474E+01 -5.25369E+00 -2.50515E+00 -1.07824E+00 -4.05300E-01 -1.26026E-01 -2.94635E-02 
40.4 316 167 -1.01474E+01 -5.25369E+00 -2.50516E+00 -1.07824E+00 -4.05302E-01 -1.26027E-01 -2.94647E-02 
40.6 318 168 -1.01474E+01 -5.25370E+00 -2.50516E+00 -1.07824E+00 -4.05304E-01 -1.26028E-01 -2.94653E-02 
40.8 320 169 -1.01474E+01 -5.25371E+00 -2.50517E+00 -1.07825E+00 -4.05307E-01 -1.26029E-01 -2.94663E-02 
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